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Confidence Intervals for the Signal-to-Noise Ratio 
When a Signal Embedded in Noise is Observed 

Over Repeated Trials 
JONATHAN RAZ. BRUCE TURETSKY. A N D  GEORGE FElN 

. Abstract-We consider the problem of estimating the signal-to-noise 
ratio (SNR) when repeated measurements are made of a deterministic 
signal embedded in random noise. We describe an estimator, derive its 
asymptotic distribution, m d  propose a method lor constructing confl- 
dence intervals. The per l rmmce of the method is evaluated using sim- 
ulated evoked potential data. and an application to real evoked poten- 
tial data is presented. 

I. INTRODUCTION 
An important parameter in the estimation of signals embedded 

in noise is the signal-to-noise ratio (SNR), the ratio of the power 
of the signal to the power of the noise. This communication ad- 
dresses point and interval estimation of the SNR when repeated 
measurements are made of a deterministic signal embedded in ran- 
dom noise. We are concerned with the analysis of human evoked 
potential (EP) data, but our results can be applied to data from 
other fields. 

Bershad and Rockmore [ I ]  developed and derived the distribu- 
tion of an SNR estimator based on the cross correlation between 
the data in two trials. They assumed that the noise was uncorrelated 
within trials, which is clearly not true for EP data. Their estimator 
can be justified even when the noise is correlated 171, but its dis- 
tribution is much more difficult to obtain in this case. Coppola er 
al. 131 generalized the results of Bershad and Rockmore to the anal- 
ysis of EP data by computing the cross correlation for each pair of 
trials and averaging the painvise statistics. Because of the difficul- 
ties in analytically deriving the distribution of this estimator, they 
examined the empirical distribution in simulated EP data. 

Elberling and Don 141 developed an SNR estimator for brain- 
stem auditory evoked potentials (BAEP’s). BAEP’s typically have 
a very low SNR and many hundreds of trials must be averaged to 
yield reliable signal estimates. Elberling and Don estimated the 
noise power using a single time point in each trial and estimated 
the signal power from the average of the trials. They approximated 
the distribution of the SNR estimator by fitting an Fdistribution to 
the empirical distribution using data from a small sample of sub- 
jects. 

In this communication, we describe an SNR estimator that is the 
ratio of unbiased estimators of signal and noise power, derive its 
asymptotic distribution, and propose a method for constructing ap- 
proximate confidence intervals for the SNR. We then apply the 
method to simulated and real cognitive EP data. The estimator has 
been described by Mocks et 01. 161 and is closely related to mea- 
sures discussed by Callaway and Halliday [2]. In deriving analyt- 
ical results, we assume that the noise process is stationary, but 
place no other restrictions on the correlation structure of the noise 
within trials. 

11. DEFINITIONS 
Consider an experiment in which measurements X, ( I )  are made 

a t t i m e p o i n t s t =  1 , s . .  , T i n t r i a l s j =  l : . . ,J .Weassume. 
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a model in which each trial contains the same signal p ( r  ) added 10 
a stationary random noise process N/ (I): 

X j ( 1 )  = P ( t )  + N , ( f ) .  ( 1 )  

We assume that the noisc in each trial is statistically independcnt 
of the noise in every other trial. and that 

E I N l ( t ) ] = O  ( I = I  ;... T , j = l  ; . . , J ) .  ( 2 )  

( 3 )  0 < E[N;(f)] = u i  < m, 

E [ N j ( f ) ]  < =, (4 )  

E [ ~ , 4 ( r ) ]  c m. ( 5 )  

The assumptions on the third and fourth moments are necessary in 
deriving the asymptotic distribution of the SNR estimator. 

The noise power is u:. the signal power is 

0: = (i/r) T; p 2 ( l ) ,  ( 6 )  

and the signal-to-noise ratio is SNR = u i / u $ .  

and noise power:. 
We find it convenient to have a symbol for the sum of the signal 

u: = u: + u” = ( I  /T) E [ X ?  ( I ) ] .  (7) 

The parameter u: can be considered the expected total power in 
any randomly chosen trial. 

Unbiased estimators of the noise, signal, and total power are [6] 

6; = I / [ T ( J  - I ) ]  c c [4(r) - ~ ( t ) ] ’ .  

6: = ( l / T )  ? S i 2 ( [ )  - (6:/J). 

6; = 1/(JT) c C X: ( r ) ,  

( 8 )  

(9) 

( 10) 

I ’  

I f  

where y(f) = ( 1 / J )  E.  X ( r ) .  These estimators satisfy the alge- 
braic equality 6; = 5: da. 

A natural estimator of the SNR is 

111. ASYMPTOTIC DISTRIBUTION OF s f iR  AND APPROXIMATE 
CONFIDENCE INTERVALS FOR THE SNR 

In this section, we describe the asymptotic distribution of SNR 
when the number of time points T is constant and the number of 
trials 3 goes to infinity. Details of the derivation are given in Ap- 
pendix I. 

We express the estimators 6: and 6; in terms of random vari- 
ables that are averages over the trials: - 

8 : = P x = ( 1 / J ) ~ P x , , ,  (12)  

where 

Px,j  = (1 /T)  cXf(t) ( j  = 1, . . .  , J ) ,  (14) 
I 

The estimators 2; and 6” obey the central limit theorem, and thus 
their asymptotic distributions are normal. A differentiable function 
of two asymptotically normal variables is itself asymptotically nor- 
mal with variance depending on the partial derivatives of the func- 
tion, allowing us to conclude that SNR is asymptotically normal 
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220 7.0 15.0 
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16.1 6.1 10.0 

ma 7.7 12.1 

Nac Covuirg SNR 

row fish ~ o .  
lama = 5.0 

12.7 6.0 6.7 
13.6 4.3 9.3 
1.7 2.0 1.7 
4.7 1.7 3.0 

10.0 5.0 5.0 
5.7 3.0 2.7 
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8.7 2.3 6 3  
6.0 3.0 3.0 
7.0 2.0 SO 
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11.1 S.1 6.0 
7.3 1.0 6 3  
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811 3.3 4.7 
4.7 1.0 3.7 

10.7 1.7 9.0 
6.1 0.7 5.7 
4.6 1.3 1.3 
4.6 0.3 4.1 
7 3 1.7 5.7 
6.0 1.7 4.1 

and unbiased with asymptotic variance 

where Var ( * ) denotes the variance of a random variablc and Cov 
( t .  . 1 denotes the covariance between two variables. 

This result suggests the construction of approximate ( I - a) x 
100 percent confidence intervals for the SNR of the form 

[SNR - ~ ~ - ~ / 2 ( A 9 ) ~ ' ~ ,  SAR + Z ~ - , ! ~ ( A ~ ) I ' ~ ]  (17) 
where :,, is the 100 x Q percentile of the normal distribution, and 
AV is an estimator of AV. 

In order to compute A f ,  we estimate the unknown quantities in 
expression (16) from the data. We replace a: by e:, SNR by SNR 
m d  estimate Var (6;). Var ( a i ) ,  Cov (6;. 6;) by 

Vir (6:) = ( ~ / J ( J  - I ) ]  C (Px,l - Fxf, 
I 

( 1 9 )  - 
C6V (6;. k : )  = [ J / ( J  - I ) ]  [ I / J ( J  - I , \  c (Px., - P x )  

I 

' (pN.I - F N ) .  (20)  
These estimators are motivated in Appendix 11. 

Iv. APPLICATION TO SIMULATED EVOKED POTENTIAL DATA 
We evaluatcd the performance of  the SNR point and interval 

estimators using simulated evoked potential data. The signal was 
a smoothed average evoked potential (AEP) of length 500 ms con- 
sisting of 125 time points. The noise consisted of 1500 "trials" of 
spontaneous brain electrical activity recorded from the same sub- 
ject at rest with eyes open. An EP experiment with J trials was 
simulated by taking a random sample of size J from the 1500 noise 
trials. multiplying each noise trial by an amplitude factor, and add- 
ing the signal. The noise power ." was computed as the square of 
the amplitude factor times the mean sum of squarcs of all ISM) 
mise trials. The signal power was the mean sum of squares of the 
signal. The amplitude factor for the noise was varied to give a rangc 
of noise power values and thus a range of values of the SNR. 

Three hundred experiments were simulatcd for each of s ix  \ill 
ues of J and four amplitude factors, Thc values of J were 5 .  IO.  
20, 30, 40. and 50. The values of the amplitude factor were 0 . 5 .  
0.7. I .O, and 2.0, giving values of the SNR of 0.672.0.343.0.168. 
and 0.042, which are all within the range txpically- found in real 
EP data. For each simulated experiment, SNR. AV. and thc ap- 
proximate 80 percent ( a = 0.20) and 95 percent ( a = 0.05) con- 
fidence intervals for the SNR were computed. Then the mean and 
standard deviation of the 300 values of SAR were computed. a. 
well as the square root of the mean of the vulues of AV. The per- 
formance of the confidence intcrvals was evaluated by computing 
the proportion of simulated experiments in which the confidence 
interval failed to cover the true value of the SNR and comparing 
this proportion with the nominal (Y levcl. 

Table I rcports the results of the simulation study. The total prn- 
portion of confidence intervals not covering the true SNR is broken 
down into thc proponion where the lower bound was greater than 
the true value (given as "high" in the table) and the proponion 
where the upper bound was less than the true value (given as 
"low"). 

The estimator SNR has a positivc bias that is quite small for 
values of J greater than or equal to 20, regardlcss of the value of 
the true SNR. The variance estimator seems to be nearly unbiased 
over the whole rangc of values of J. The approximatc confidence 
intervals perform very well when the number of trials is 20 or 
grcater. 

When the true SNR is 0.168 or 0.042, the proportion of canti- 
dence intervals for which the upper bound is less than the true valuc 
is consistently greater than the proponion for which the lower bound 
is greater than the true valuc. This asymmetry may result from the 
dependence of the variance estimate on the estimate of noise power. 
When the estimated noise power is vcry large (and thus the esti- 
mated SNR is very small), the asymptotic variance is an underes- 
timate, leading to confidence intervals that are too narrow. 

In order to examine thc cffect of the number of time points Ton 
the performance of the methods, we generated 300 simulated data 
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sets for J = 20, 30, 40, 50 using only the first 50 timc points (200 
ms) of the simulated data. The amplitude factor was adjusted so 
that the SNR was 0.343. The results indicae that the SNR and 
variance estimators are nearly unbiased even with the reduced value 
of T. The approximate confidence intervals did not perform quite 
as well as they did for T = 125. The percentage of 80 percent 
confidence intervals not covering the true SNR was 30 for J = 20, 
and between 22 and 25 for the larger values of J. 

V. APPLICATION ‘ro REAL EVOKED POTENI‘IAL DATA 
We applied the SNR estimator and the method for computing 

confidence intervals to auditory EP data gathered from six different 
subjects. The data were the responses to standard IO00 Hz tones 
presented as part of a three-tone P300 experiment. The EEG was 
recorded at the vertex referenced to left ear and sampled every 4 
ms. The data from stimulus onset to 280 ms poststimulus ( T = 71 ) 
were used in this example. The interstimulus interval varied ran- 
domly between I500 and 1600 ms. Three experiments were con- 
ducted with each subject, with a IS min rest period between ex- 
periments. The target tones varied among the experiments, but the 
lo00 Hz tone was presented as the invariant standard for each ex- 
periment. Between 150 and 300 standard tone trials were available 
for each subjcct for each experiment. Examination of subaverages 
indicated that the signal was relatively homogeneous. 

The proposed methods were used to determine the number of 
trials necessary to achieve a specified reliability of the AEP as an 
estimator of the signal. As discussed by Turetsky et al. [7], if we 
measure the reliability by the intraclass correlation coefficient p = 
u s / ( o :  $; o .L /J )  then the number of trials necessary to achieve a 
given reliability is J = p/[SNR ( 1  - p)] .  Given an estimate of 
the SNR computed from pilot data, this relationship can be used to 
determine the number of trials necessary for a specified AEP reli- 
ability for each subject. Because any estimate of the SNR is subject 
to random variation, a conservative procedure is to use a lower 
bound for the SNR, rather than the point estimate. 

We defined the first 40 trials from the first experiment as “pilot” 
data for each subject. Specifying p = 0.9, we computed two dif- 
ferent values of J ,  the first ( J o )  from the point estimate of the SNR 
and the second ( J , , )  from the lower bound of an 80 percent confi- 
dence interval. Using the data in the second experiment, we com- 
puted the AEP from the first Jo trials and the AEP from the first J L  
trials. We computed two AEP’s from the third experiment in the 
same manner. Then we estimated the actual reliability of the AEP’s 
by cross-correlating the two AEP’s based on Jo trials and cross- 
correlating the AEP’s based on J,, trials. (See [ I 1  and [7] for a 
justification of the cross correlation as an estimate of p . )  

The results are presented in Table 11. As expected, the cross 
correlation for some subjects was less than 0.9 when Jo trials were 
used. When J L  trials were used, the cross correlation was greater 
than or equal to 0.9 for all six subjects. Note that the estimated 
SNR’s for these subjects are similar to those used in the simulation 
study. 

VI. DISCUSSION 
We have described a commonly used estimator of the SNR, de- 

rived its asymptotic distribution, and suggested a practical method 
for estimating its variance and constructing approximate confi- 
dence intervals. Application of the method to simulated evoked 
potential data shows that it performs well over a wide range of 
values of the SNR when the numher of trials (J ) i s  greater than or 
equal to 20. 

The simulations encompass the range of the SNR typically ob- 
served in cortical EP studies, suggesting that the method would 
perform well in practical applications in the EP laboratory if the 
number of time points is large and the number of trials is not too 
small. The poor performance of the method for very small values 
of J is not a serious practical limitation, nor is it surprising since 
we would not expect a method based on asymptotic theory to per- 
form well in this case. 

The effect of the number of time points ( T )  on the performancc 
of the method depends on the autocorrelation function of the noise 
process. If the time points are highly correlated, then each irial 
contains few independent pieces of information about the noise, 
and a large number of time points are necessary. On the other hand, 
if the noise is nearly uncorrelated. then the central limit theorem 
applies across time points as well as trials and the method should 
work well even when Tis  small. Spontaneous resting EEG has high 
power in the low-frequency delta, theta. and alpha bands. As a 
rcsult. the time points are highly correlated. This may explain the 
relatively poor performance of the method in the simulation study 
when 50 time points were used. Background EEG during EP ex- 
periments tends to have lower power in the low-frequency bands. 
For this reason, we expect that the mcthod performs better when 
applied to real data. 

Applications of the proposed method must take into account var- 
ious assumptions made in the mathematical derivation. First, we 
have assumed that the signal is homogeneous (i.e., the same signal 
is present in every trial). As emphasized by Mijcks er 01. 161. this 
assumption does not always hold in EP experiments. The SNR es- 
timators suggested by Coppola et 01. [3] are appropriate when some 
forms of signal heterogeneity are present, but thc statistical prop- 
erties of these estimators arc difficult to obtain. We are developing 
alternative approaches to SNR estimation when the signal is het- 
erogeneous. 

Second, we have assumed that the noise process is stationary. 
One implication of this assumption is that the noise power does not 
change systematically over the course of the experiment; for cx- 
ample, it means we can estimate the noise power just as wcll from 
the first 20 trials as from the last 20, and we do not expect that one 
of the estimates necessarily will be greater or lesser than the other. 
In EP rcscarch, this means that the statistical properties of the 
background EEG are not changing due to fatigue, environmcntal 
changes, or other factors. 

Third, we have assumed that the second through fourth moments 
of the noise distribution are finite. The distribution of the noise data 
we used in thc applications was fairly symmetrical and free of ex- 
treme outliers. If the noise distribution is extremely asymmetrical 
or has very heavy tails, then the asymptotic approximations we 
suggest may perform poorly. 

The proposed method has several potentially important appli- 
cations. First, if the SNR is a measure of important underlying 
characteristics of a biological or physical system, then researchers 
must have a method for assessing the variability in the estimation 
procedure before drawing firm conclusions. Sccond. the SNR plays 
an imponant role in the detection of known biological signals. It 
may be necessary to obtain an initial estimate of the SNR in  order 
to design appropriate signal detection algorithms. In this case, it is 
once again important to consider the variability of the SNR esti- 
mator. Last, as discussed in the application to real E P  data, the 
number of trials needed to obtain a reliable signal estimate for a 
given subject in a given experiment can be determined by comput- 
ing a lower bound for the SNR from pilot data. 

APPENDIX 1: DERIVATION Of THE ASYMPTOTIC DISTRIBUTION 
OF SRR 

We first express the estimator of the noise power in the form 

= [ J / ( J  - 1)JZ;: - [ J / ( J  - I ) ] R  ( A . I )  
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where 

- 
P:=(I/J)?P:, j ,  (A.3) 

R = ( I / T )  [ Z ( r )  - p(r)f.  (A.4)  

Under the assumptions given in Section 11. it can be shown tliat 
the variable J ’ l 2 [ J / ( J  - I ) ]  R tends in probability to zero as J 
tends to infinity. Therefore, the asymptotic joint distribution of 

J t lZ(b;  - u:) and 1’/’(8: - u:) (A.5) 
is the same as  that of 

J’I2(P; - E ( F ; ) ]  and J ’ / ’ [ F X  - E ( B x ) ]  (A.6)  

where px is the average of the variables Px.j defined by (14). 
are independent and identically distributed 

(iid) unbiased estimators of uk. Similarly, the variables Px,, are iid 
unbiased estimators of u i .  According to the multivariate central 
limit theorem, the asymptotic joint distribution of the variables 
given in (A.6) is normal if the variances of Px., and are finite. 
These variances are complicated functions that can be expressed as 
thc sum of tcrms involving the signal power, the noise power, the 
third and fourth moments of the noise process, and cross product 
terms of degree less than four. They can be shown to be finite under 
the assumptions given in Section 11. 

In order to prove the asymptotic normality of SNR, we write this 
estimator in the form SNR = (a:/&:) - 1. Applying a theorem 
on differentiable functions of asymptotically normal variables [ 5 ,  
ch. 5,  theorem 1.91, we have that J’”(SfiR - SNR) is asymptot- 
ically normal with mean zero and variance given by J times (16). 

The variables 

APPENDIX u: ESTIMATION OF Var (8 : ) .  Var (3;) AND 
c o v  (5 ; .  5 ; )  

The unknown variances and covariances in (16) could be esti- 
mated by writing down expressions for these parameters in terms 
of thc properties of the signal and noise and replacing unknown 
quantities by estimates. However, these expressions are very com- 
plicated and require estimation of higher order moments of the noise 
process. A simpler estimation procedure is suggested here. 

A natural estimator of the variance of PX,, is - 
[ I / ( J  - I ) ]  (px.j - (‘4.7) 

Equation (18) is obtained by noting that Var (8:) = Var (Px,,)/J. 
Similarly, an estimator of the variance o f f &  is 

[ l/(J - I ) ]  x - 2;f. 
I 

Because the variables P:,, depend on the unknown signal, we sub- 
stitute PN,/ for P:.j, and obtain (19) by noting that 

Var (6 ; )  = [ J M J  - ~ ) f  Var ( F ~ )  

= [ J / ( J  - I 11’ Var (pN, ) / J .  ( ~ . 9 )  
The term J / (  J - 1 ) can be neglected in the asymptotic argument. 
but is important in practical applications when J is small. 

Equation (20) is obtained in an analogous manner. 
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Skin Impedance From 1 Hz to 1 MHz 

JAVIER ROSELL, JOSEP COLOMINAS. PERE RIU.  
RAMON PALLAS-ARENY. A N D  JOHN G .  WEBSTER 

Abstract-We measured the impedance of skin coated with gel, but 
otherwise unprepared from 1 Hz to 1 MHz at ten sites on the thorax, 
leg, and forehead of ten subjects. For a 1 cm’ area. the 1 HZ impedance 
varied from 10 kR to 1 MR, which suggests that biopotentlal amplifier 
input impedance should be very hlgh to avoid common mode to differ- 
ential mode voltage conversion. 1 MHz impedance was tightly clus- 
tered about 120 R. 100 kHz impedance was about 220 R, which sug- 
gests that the variation in skin impedance may cause errors in two 
electrode electrical impedance tomographs. 

INTRODUCTION 
The magnitude of skin impedance is of interest to designcrs and 

users of medical instruments. Berson et al. [l] measured IO Hz 
skin impedance at seven locations on 24 subjects and found values 
as high as 3.5 Mll.cm2 (larger areas yield lower impedance). 
Swanson and Webster [2] measured skin impedance on one subject 
from 1 Hz to 1 MHz and found that for 1 em2, the high impedance 
at low frequencies decreased to a low value of about 200 ll at 1 
MHz. Abrasion of the skin produced a low impedance over the 
entire frequency range. 

W e  desired to measure the skin impedance ovcr a large fre- 
quency range at a variety of locations on the body. Thus, the results 
should be applicable when measuring biopotentials such as  ECG, 
EEG. EMG, ENG, EOG, EGG, and in bioimpedance measure- 
ments such as electrical impedance plethysmography, impedance 
cardiography, and electrical impedance tomography. 

METHODS 
Fig. 1 shows the ten skin sites we tested on each of ten subjects. 

Others [3] have frequently tested thc skin impedance on the vcntral 
forearm because it is a convenient site for a person to measure his 
own skin impedance. In contrast, Fig. 1 shows that we selected 
sites typically used when measuring the ECG, impcdance pleth- 
ysmography, impedance cardiography, and electrical impedance 
tomography. We selected sites that wcre flat or convex becausc it 
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