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Frequency Domain Dipole Localization: 
Extensions of the Method and Applications 
to Auditory and Visual Evoked Potentials 

Jonathan Raz. Christie A. Biggins, Bruce Turetsky, and George Fein 

A6shoct-We describe a statistical frequency domain approach 
to loeallzlng equivalent dipole generators of human brain evoked 
potentials. The frequency domain representation allows consld- 
erable data reduction, constrains the magnitude fimction of the 
dipoles to be smooth, and accounts for the statistical properties 
of the background EEG. A previous paper described a restrictive 
model in which the dipole orientations were assumed to be fixed 
over time, and only one dipole was allowed. In this paper, we 
consider the more general model In whih the orientation can 
vary over time, and which includes multiple dipole generators. 
The varying orientation model has the praeticnl advantage of 
being more nearly linear and more flexible than the fixed ori- 
entation model, which facilitates convergence of the Iterative 
fitting algorithm. We suggest a measure of goodness-of-fit that 
eompaw the likelihood of the dipole model with the likelihoods 
of saturated and null models. We report the results of fitting the 
model to recorded auditory and visual evoked potentials. A single 
dipole with fixed orientation seems to be an adequate model of 
the andltory midlatency response, while two dipole8 with varying 
orientation are needed to fit the later PZOO component. Analysis 
of the visual PlOO response to unilateral stimulation localized a 
generator in the contralateral occipital cortex, as expected from 
anatomical considerations. A two-dipole model fit the visual PI00 
response of bilateral stimulations, and the locations of the two 
dipoles were similar to the locations obtained by single-dipole fits 
to the responses to left and right unilateral stimuli. 

I. INTRODUCTION 
central goal of human evoked potential research is to de- A termine the brain generators of recorded scalp potentials. 

Based on biophysical considerations, we can use equivalent 
current dipoles to approximately represent the activity of 
the generators [6], (201. In an equivalent dipole model, the 
dipoles are characterized by their location, orientation, and 
magnitude at each time point. The model is fit to the data 
by choosing the values of these parameters that best explain 
the recorded potentials. Scherg and Von Cramon [17], [18], 
Scherg [19], and Turetsky et of. [23J used dipole models in 
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which the locations of the dipoles are fixed over time. This 
assumption is motivated by the idea that each dipole represents 
a fixed anatomical structure. These authors also assumed that 
the dipole magnitudes varied according to some specified 
parametric function such as a decaying sinusoid. They used 
squared error in the time domain as the criterion for fitting the 
model to the data. 

Raz ef of. [I41 (hereafter RTF) suggested a statistical fre- 
quency domain approach to fining dipole models. This sta- 
tistical approach has several advantages over the approach 
taken by previous authors. First, considerable data reduction 
is achieved by excluding the high frequencies, which are 
assumed to be due to background EEG and equipment noise. 
Second, the magnitude functions of the dipoles are automat- 
ically constrained to be smooth, but no other restrictions 
are imposed on their form. Third, the estimators of the 
dipole parameters are maximum likelihood, and thus they are 
efficient in a statistical sense. Unlike the estimators obtained 
by minimizing the squared error in the time domain, the 
maximum likelihood estimators are adjusted for the relative 
noise power at the various electrode sites, the coherence of 
the noise among the electrodes, and the nonwhite spectrum of 
the noise. 

The model of RTF is limited in that only a singledipole 
generator is allowed. In most cases, a more realistic assump- 
tion is that several widely separated brain generators are 
simultaneously active. Furthermore, RTF assumed that the 
orientation of the dipole is fixed over time. The resulting 
dipole model is restrictive and highly nonlinear, which leads 
to difficulties with convergence of the iterative procedure for 
fitting the model to the data. 

In this paper, we show how to use the frequency domain 
approach to estimate the parameters of a model in which 
the orientation varies over time and in which several dipoles 
may be included. The varying orientation model is more 
flexible and more nearly linear than the fixed orientation 
model, which facilitates iterative algorithms for model fitting. 
A dipole with v q i n g  orientation can be interpreted as an 
approximation to the activity of several nearby dipoles that 
are sequentially active or simultaneously active with different 
magnitude functions. 

We describe how to evaluate the fit of the dipole model 
using a goodness-of-fit measure that compares the maximized 
likelihood of the dipole model with the maximized likelihoods 
of a saturated model and a null model. 

001(1-9294/93503.00 83 1993 IEEE 



910 IEEE ‘TRANSACTIONS ON BIOMEDICAL ENGINEERING. VOL. 40. NO. 9, SEPTEMBER 1993 

We report the results of an application of the varying 
orientation model to the problem of localizing the generators 
of three types of evoked potentials: 1) the midlatency auditory 
evoked potential (P50 or PI), 2) the later p200 component of 
the auditory evoked potential, and 3) the PI00 component of 
the visual evoked potential. Based on anatomical and empirical 
considerations. we argue that a fixed orientation model is 
adequate for representing the generator of the P50, but a 
varying orientation model i s  more. appropriate for representing 
the generators of the auditory P200. 

Due to software constraints, our present implementation of 
the procedure is limited to two dipoles. Wc use one dipole 
to model the auditory P50 generator and the generator of the 
visual PI00 response to a unilateral stimulus. We use two 
dipoles to model the generators of the auditory ROO and the 
visual PlOO response to a bilateral stimulus. In our analysis of 
the visual evoked potentials, we compare the responses elicited 
by unilateral stimuli to those elicited by bilateral stimuli. 

In Section 11, we describe the dipole model. The recorded 
potentials are assumed to be the sum of a deterministic 
signal and a stationary random noise process. The signal i s  
assumed to be the sum of terms representing the contributions 
of the various dipoles. Each dipole is characterized by its 
location and by a three-dimensional dipole moment that varies 
smoothly over time. In Section 111, we report the results of 
the application to potentials evoked by an auditory click. In 
Section IV, we report the results of the application to visual 
potentials evoked by a reversing checkerboard stimulus. In 
Section V, we speculate on the anatomical generators of the 
auditory and visual evoked potentials. 

In the Appendix, we give the technical details of the 
statistical estimation procedure. We describe the likelihood 
function, the choice of starting values for iterative computation 
of the maximum likelihood estimators, and the precise form of 
the goodness-of-fit measure. We then explain how to modify 
the iterative Fisher scoring procedure presented by RTF so that 
it can be used to fit a model with multiple dipoles and varying 
orientation. We also note that the starting values for the dipole 
moment are generalized least squares estimators that can be 
used whenever the dipole locations are assumed known. 

11. THE DIWLE MODE[. 

We first describe the model in the time domain, then derive 
the frequency domain representation. The notation is similar 
to that of RTF. Let n be the number of evoked potential trials 
(sweeps), TTL be the number of recording electrodes, and I I .  be 
the number of discrete time points, where time is measured 
from presentation of the evoking stimulus within each trial. 
Let Zjk(t )  be the recorded potential in trial j at electrode 
position k at time point t. We assume that this potential can 
be expressed as the sum of deterministic signals arising from 
T dipole generators embedded in a mean zero stationary noise 
process e , k ( t ) .  Let s h q ( t )  be the signal at electrode IC that is 
due to dipole q.  We assume that the signal is a deterministic 
function of time that does not vary among trials (“signal 

/’ ,.’ 

Fig. 1. Coordinate system and dipole p m t c n .  The head is reprrscnted 
by a sphere containing a medium of homogeneous conductivity. The dipole 
moment at a given time t is represented by a vector [yl(t).yl(t).y;l(t)l, 
and the location of (he dipole (the origin of the vector) is at coordinates 
( e 1 . h .  03 ). 

homogeneity”). In the time domain, the model has the form 

We assume that the noise in one trial is independent of the 
noise in every other trial, but that the noise may be correlated 
across time points within a mal. 

We can express the signals s k l  (t). . . . , sk,.(t) in terms of the 
dipole parameters by making the approximating assumption 
that the head is a sphere containing a medium of homogeneous 
conductivity. This assumption simplifies the implementation of 
the method, but it is not a necessary ingredient of the statistical 
approach described here. 

We denote the location of dipole q by the column vector 
8, = (81~,82,,83~)~, where odq is the Cartesian coordinate 
in dimension d ( d  = 1,2,3) of three-dimensional space. We 
assume each equivalent dipole is small relative to the distance 
between the dipole and the recording electrode, so that the 
location of dipole q can be essentially expressed by a single 
point 8,. We define the coordinate system as in RTF, see Fig. 
I .  We denote the dipole moment by [ ~ ~ ~ ( t ) , ~ * q ( t ) , ~ ~ ( t ) ] ,  
where Tdq (t) is the magnitude of dipole q in spatial dimension 
d at time t. The orientation of dipole q at time t is defined by a 
line segment passing from (el,,, 8 Z q r  Osq) to [Blq+Ylq(t ) ,  8zq+ 
? 2 q ( t ) r 8 3 q  + ~ 3 ~ ( t ) ] .  Since each of the coordinates of the 
dipole moment varies with time, the orientation is allowed 
to vary with time. Smoothness constraints are imposed in the 
frequency domain representation of the model. 
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In terms of the dipole locations and moments, the signal at 
electrode k arising from dipole q is approximately [3] 

a k q ( t )  = c k l ( e q ) % q ( t )  + CkZ(eq)?2&) + Ck3(@q)?3q(t)i 
k =  l,...,rn; q =  l , . . . , r ;  t = l , . . . , u  (2) 

where the coefficients of the form C k d ( 0 q )  depend on the 
spatial dimension d, the location of dipole q,  the location of 
electrode k, and the location of the reference electrode. We 
assume that the electrode locations are known. An algebraic 
expression for C k d ( @ q )  was given by RTF (Appendix) and 
was originally derived by Brody et al. [3]. The form of 
these coefficients depends on the biophysical properties of 
the human head. Brody et al. derived their equation under 
the assumptions of a spherical, homogeneously conducting 
head; alternative biophysical assumptions would lead to other 
forms for c k d ( 8 , ) .  A realistic model of the head would require 
coefficients that do not have analytical forms, so that an 
iterative algorithm would be required to compute them [7], 

We now express the dipole model in the Frequency domain. 
We follow the notation of RTF by using lower case letters for 
real-valued quantities and capital letters for complex-valued 
ones (except for the imaginary unit 2 ) .  k t  X j k f  denote the 
discrete Fourier transform of z j k ( t )  at frequency 2n f /ti where 
f = 1, . . . , p < 4 2 .  Similarly. let S k  f q and E j k  f denote the 
discrete Fourier transforms of skq( l )  and e j k ( t ) .  

The frequency domain model has the form 

1241. 

q=1 

j = l , . . . , n ; k = l , . . . , r n ; f = l , . . . , p . ( 3 )  

We define to be the Fourier transform of 7 d q ( t ) ,  so that 
the Fourier transform of the signal due to dipole q has the form 

skfq = c k l ( e q ) r l f q  + C k Z ( e q ) r Z f q  + ~ ~ ~ ( 8 ~ ) r ~ ~ ~ ,  
k = l,... ,m; q =  l,...,r; f = l,...,p.(4) 

method. Refer to RTF for a discussion of the details of 
implementation, such as the method of tapering the data. 

Using the Fisher information matrix, which is the expected 
matrix of second derivatives of the negative log-likelihood, 
we can perform approximate statistical inference. In RTF, 
we presented confidence intervals for the model parameters, 
and showed that they were approximately unbiased when the 
model was correctly specified. We noted that the simplifying 
assumptions of a spherical head containing a medium of 
homogeneous conductivity and a small number of point dipole 
leads to model misspecification that can bias the inference. We 
are performing further research to examine the effect of this 
misspecification. Here, we report point and function estimates. 
but not confidence intervals or significance tests. 

At the suggestion of a referee, we developed a goodness-of- 
fit measure, which we denote by 6. This measure. ranges from 
zero to one, where zero indicates that the dipole model is no 
improvement over a null model with constant evoked potential 
amplitude over all recording channels, and one indicates that 
the dipole model fits as well as a saturated model that estimates 
the signal at each channel by the average evoked potential. 
Details are given in the Appendix. 

Also at the suggestion of a referee, we developed a method 
for computing rough estimates of dipole orientation from 
the maximum likelihood estimates of the time-varying dipole 
moment [ ~ l q ( t ) , ? 2 Y 2 q ( t ) r ~ 3 q ( t ) ] .  These estimates are computed 
by transforming the frequency domain estimates to the time 
domain, choosing the time point at which the dipole magnitude 
is greatest, and computing the orientation of the dipole moment 
at that time point. Orientation estimates are expressed in polar 
coordinates ($lr$2) as in RTF, where $1 is the angle (in 
radians) between the axis through the vertex and the dipole 
moment, and $2 is the angle between the axis through the 
nasion and the projection of the dipole moment onto the plane 
through the nasion and the ears. Positive values of $2 indicate 
orientations to the left of the nasion when viewed from the 
center of the head. 

We choose p to be small (in the applications to visual 
and auditory evoked potentials, we used p = 3 or 4), thus 
restricting the ~ ~ ~ ( t )  to be smooth functions of time. In this 
way, both the magnitude and the orientation Of each &pole are 
constrained to vary slowly over time.. 

Define ago = hruq and h q  = *mrgq for d = 
1,2,3; f = 1 , .  . . ,P; P = 1, * * * I T .  This us to define 
the real-valued vector of dipole parameters 

I1*. AppLrCAnoNs TO 

A. P50 Dura 

RTF used a fixed orientation model to analyze P50 data 
from four subjects, Here, we report an application of the 
varying orientation model with a single dipole (7 = 1 )  to 
the data from subject 18, who had the highest signal-to- 
noise ratio. The relatively clean data for this subject allowed 

t = (a111 I "211, a311r ' '  ' alp19 aZplr "3pl: 

P ~ ~ ~ , P ~ ~ ~ ,  ~ 3 1 1 ,  . , B ~ ~ ~ ~ P ~ ~ ~ ~  e:, . . . , 
all, v a 2 l r  , a31r, ' ' ? a1p.i "2pr 1 "3pr I 

Pllr 021rr 03irr. * . , A p r ,  PZpr, ~ 3 ~ 7 ,  e:)'. ( 5 )  

As described by RTF, results from statistical time series 
analysis can be used to construct a likelihood function in terms 
of the parameter vector. In the Appendix, we describe compu- 
tation of the maximum likelihood estimates using the Fisher 
scoring method, which is a modification of the Gauss-Newton 

us to make a qualitative comparison between the fixed and 
varying orientation models. The stimulus was a binaural click 
presented through headphones in each of 156 trials. The data 
were recorded from 14 electrodes referenced to the vertex (Cz) 
electrode, and the analog recordings were digitized at 2000 
samples/s. The electrode placements were at the following 
sites (in terms of the standard Ion0 system): Fpz. midway 
between Fpz and Fz, Fz, midway between Fz and Cz, Cz. 
midway between Cz and Pz, Pz, midway between Pz and Oz, 
Oz. T3, one-third of the distance from T3 to Cz, two-thirds 
of the distance from T3 to Cz, one-third of the distance from 
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Fig. 2. Projections of the Lissajous lrajectory of the estimated time-varying dipole moment of the generator of the midlatency auditory response. The 
coordinate system is aq in Fig. I .  The tick marks on the horizontal and vertical axes denote arbitrary units depcnding on the conductivity and radius of the 
head. The open circles denote time 0. and the annws are spaced at 5 ms intervals. The trajectory is nearly linear. suggesting that a fixed orientation 
dipole model is adequate for this data set. 

Cz to T4, two-thirds of the distance from Cz to T4, and T4. 
The choice of the reference electrode is arbitrary; if the data 
were transformed to a different reference, the results of the 
dipole localization procedure would be unchanged. The data 
were digitally filtered with a bandpass of 10-100 Hz before 
application of the dipole localization procedure. This bandpass 
is designed to remove low-frequency components unrelated to 
the P50, as well as higher frequency noise. 

A window of 64 time points, from 35 to 66 ms, was chosen 
for analysis. As described in RTF, this window was expanded 
to include 96 time points, and a taper was applied to the 
additional 16 time points at either end of the data. We retained 
p = 3 frequencies for the frequency domain analysis. Based on 
64 (not 96) time points at 2000 samples/s, this resulted in all 
the Fourier frequencies between 10 and 100 Hz: 31.25.62.5, 
and 93.75 Hz. (These frequencies are obtained by computing 
2000f/64 for f = 1,2,3). 

RTF reported that fitting the tixed orientation model to 
these data led to an estimate of the location equal to (0.084, 
0.070, 0.325) in units of one head radius. When we applied 
the varying orientation model, we obtained an estimate of 
(0.1 12, 0.087, 0.317). which is quite close to the previously 
reported estimate. Application of the fixed orientation model 
gave an orientation estimate of (0.69, 0.12). while the varying 
orientation model gave an estimate of (0.76. -0.05) at the 
time point with greatest magnitude. 

Plots of the fitted model against the data looked quite similar 
regardless of which model was used. (Fig. I in RTF shows 
the plot for the fixed orientation model). In order to make a 
qualitative assessment of the evidence that the orientation of 
the dipole was fixed, we constructed the Lissajous trajectory 
of the dipole moment estimated using the varying orientation 
model. Fig. 2 gives the projection of this Lissajous trajectory 
into three orthogonal two-dimensional planes. If the orientation 
were fixed over time, the signal-to-noise ratio were infinite, 
and the dipole model perfectly represented the biophysical 
properties of the head, then the Lissajous trajectory in three- 
dimensional space would be a straight line, and each of the 
projections would be straight lines. Fig. 2 shows some devia- 
tion from the fixed orientation assumption in the sagittal plane, 
but generally seems to support the fixed orientation model. 

The goodness-of-fit measure 6 was 0.85 for the fixed 
orientation model and 0.87 for the varying orientation model, 
giving further evidence that both models fit well and that the 
less parsimonious varying orientation gives only a slightly 
better fit. 

B. P200 Data 

We also uscd the frequency domain procedure to localize 
the generators of the later components of the auditory evoked 
potential. We analyzed data from two subjects (identification 
numbers 8 and 13) of four who participated in a pilot study. 
The two subjects chosen for analysis had clearly defined late 
auditory potentials, and had relatively high signal-to-noise 
ratios. Standard and rate stimuli were presented binaurally in 
a two-tone oddball paradigm; we used only the responses to 
the standard tone. Recordings were made from 23 electrodes 
referenced to the vertex (Cz): Fpl, Fp2, F7, FS, F3, F4, 
midway between F4 and F8, F8. midway between F3 and C3, 
Fz, T3, C3, C4, T4, T5, midway between T5 and P3, P3, Pz, 
P4, midway between P4 and T6, T6,OI. and 02. The sampling 
rate was 250 samples/s. An analog bandpass filter of 0.1-35 Hz 
was applied during data acquisition, and no subsequent digital 
filtering was performed. The data for subject 8 included 190 
trials, and the data for subject 13 included 234 trials. We chose 
a time window of 64 time points based on examination of the 
average evoked potentials. This window was centered around 
the P200 response, and also included the earlier negative wave 
at some of the electrodes. For subject 8, the window covered 
the interval 124-380 ms poststimulus, while for subject 13, 
thc interval was 84-340 ms poststimulus. In the frequency 
domain model, we retained p = 4 frequencies equal to 3.9, 
7.8, 11.7, and 15.6 Hz. These frequencies appear to include 
most of the power of the late components. An additional reason 
for choosing these frequencies is that array size limitations of 
our current computer programs make it impossible to fit the 
model with p > 4. 

We modeled the generators of the P200 using two dipoles 
(r = 2). Scherg and von Cramon [ 171 also applied a dipole lo- 
calization procedure to the P200. They used a two-dimensional 
model of a coronal section of the head, and assumed the 
generators were arranged in bilaterally symmetrical pairs. Each 
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fig. 3. Recordcd auditory €900 (solid lines) at selected scalp electrodes with fitted dipole model (dashed lines) for subject 13. Each plot shows the amplitude 
in microvdts on the vertical axis and the time from stimulus in milliseconds on the horizontal axis. The model ~ssumes two dipoles with varying orientation. 
The dah and fitted model were transformed to average refcrcnce befm plotting. The fitted dipole moments am consrraincd to bc smooth by excluding high 
Frrquencics. The estimated dipok locdtions, given h Table I, suggest gmcrators that are roughly bilaterally symmetrical. The model docs not scan to tit 
well at tbe Fp ekctrodes, suggdag indcquacy of the sphnical head m&l and/or additional gcnmtors of the potential. The earlier negative component 
is appatent at several electrodes. and (ICCIOS to be well explained by the same generators as the €900. 

dipole was assumed to have fixed orientation over time. They 
achieved a good fit with two pairs of dipoles, and the locations 
of the two dipoles in each ipsilateral pair were quite close. 
Such a configuration can be approximately represented by only 
two dipoles with varying orientation. In our three-dimensional 
model, we did not constrain the two dipoles to be bilaterally 
symmetrical. Even if the generators of the €900 are located 
in the primary and secondary auditory cortex, as suggested 
by Scherg and von Cramon, we would not necessarily expect 
them to be bilaterally symmetrical since individuals vary in 
the relative size and shape of the two lobes of the brain and 
the orientation of the brain within the head. 

Table I gives the estimated locations of the dipoles for 
the two subjects. For both subjects, the dipoles were roughly 
bilaterally symmetrical, but the right dipole was closer to the 
center of the head. We do not know whether this asymmetry 
is due to actual asymmetry in these two subjects' anatomy, to 
errors in placement of the scalp electrodes, or to some other 
factor. Table I also gives the modified estimates based on the 
approximate correction for a three-shell model of the head 

Fig. 3 shows the average evoked potential of subject 13 
overlaid by the fitted model at selected electrodes. There is 
clear lack of fit at c a i n  electrodes, particularly Fpl and Fp2, 

WI. 

TABLE I 
RESULTS OF ANALYSIS OF A U D ~ R Y  ROO: GOODNESS-OF-FTT 

MEASURE (6) AND ESTIMATED DIPOLE LDcAnoNs (e,.e2,e3) 
Spherical Three 

Shell 
Subject 6 Dipole 0, O2 e3 0, e, O3 

0.21 -0.22 0.21 0.32 -0.34 0.32 8 0.4 I 
2 0.19 0.43 0.31 0.27 0.62 0.45 

13 0.49 1 -0.03 -0.39 -0.24 -0.04 -0.59 -0.3i 
2 0.11 0.44 -0.05 0.16 0.66 -0.08 

and the goodness-of-fit measure 6 was only 0.40. This may 
be because of the pronounced departure of the front of the 
head from sphericity. Examination of similar plots for subject 
8 showed that the model does not fit well at the occipital 
electrodes (6 = 0.49). Again, this might indicate failure of the 
spherical model. 

In our analysis of the €900 data, it was necessary to use a 
varying orientation model to fit two dipoles. When we used a 
fixed orientation model, the iterative fitting procedure did not 
converge, indicating an extremely poor fit. 

Although we could not fit the fixed orientation model, 
we estimated the dipole orientations at the time points with 
maximum magnitude from the fit of the varying orientation 
model. The dipole moments for subject 8 appear to be radially 
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TABLE I I  
RES~TS OF ANALYSIS OF VISUAL PIOO: G O O U N E ~ S - ~ F - F ~  MEASURE ( b )  AND ESTIMATED DIPOLE LOCNIUNS (0,. 02, 8,)  

Spherical Three Shell 
Subject Stimulus ,5 Dipole 01 k2 83 81 82 8 3  
101 Left 0.72 I -0.69 -0.34 -0.04 -0.87 -0.43 -0.05 

Right 0.73 2 -0.66 0.18 0.11 -0.89 0.24 0.14 
Bilateral 0.80 I -0.72 -0.37 -0.02 -0.88 -0.45 -0.02 

2 -0.G9 0.15 - n . n  -0.89 0.19 -0.30 
102 Left 0.56 1 -0.58 -0.19 -0.11 -0.82 -0.27 -0.15 

Right 0.50 2 -0.53 0.1 I 0.06 -0.78 0.16 0.08 
Bilateral 0.75 I -0.60 -0.12 -0.11 -0.83 -0.2n -0.16 

2 -0.79 0.29 0.16 -0.91 0.34 0.19 
105 Left 0.33 1 -0.63 -0.19 0.09 -0 .RG -0.25 0.13 

Right 0.28 2 -0.59 0.36 -0.13 -0.78 0.48 -0.17 
Bilateral 0.54 I -0.6; -0.11 0.02 -0.91 -0.15 0.04 

2 -067 0.37 -0.12 -0.84 0.46 -0.15 

oriented, with angles (1.15, 1.33) for dipole I and (0.55, 
-1.25) for dipole 2. Surprisingly, the dipole moments for 
subject 13 appear to be roughly parallel with angles of (0.81, 
1.88) for dipole 1 and (0.61, 1.88) for dipole 2. These 
orientations must be taken as very crude estimates since the 
estimated orientations varied greatly over time, and the fixed 
orientation model was clearly inadequate. 

IV. APPLICATION TO VISUAL EVOKED POTENTIALS 
The frequency domain procedure was applied to the PlOO 

portion of a pattern reversal visual evoked potential (VEP) 
to stimuli presented in the lower half of the visual field. 
Three subjects (identification numbers 101. 102, and 105) 
were included in the analysis. Although data were originally 
recorded from five subjects, the signal-to-noise ratio was 
prohibitively low in the data for two of them, and these two 
subjects were excluded from the analysis. The stimuli were 
two octant checkerboards; a green check in the center of the 
visual field served as a fixation point. Pattern reversal occurred 
approximately once every 1.75 s. with the interstimulus in- 
terval varied randomly within plus or minus 50 ms of this 
value. 
In the first experiment, the pattern reversal was unilateral, 

with 50% of the reversal randomly occuning in each of the two 
lower octants. In the second experiment, the pattern reversal 
was bilateral. The EEG was recorded at 500 samples/s from 
30 channels referenced to Fz: F7. F3, F4, F8, T3, C3, Cz, C4, 
T4, half the distance from C3 to P3, half the distance from C4 
to P4, T5, P5, P3, Pz, P4. P6, T6, half the distance from P3 to 
01 ,  half the distance between P4 and 0 4 , 0 3 , 0 1 , 0 z ,  0 2 . 0 4 .  
and four electrodes placed below the four occipital electrodes. 
One hundred and sixty trials were acquired for each type of 
checkerboard reversal. The single trials were digitally filtered 
between 1 and 30 Hz before analysis. Additional details on 
the experimental procedures. as well as the results of applying 
time domain dipole localization of these data, are given in [2). 

A window of 64 time points was chosen that included 
30-156 ms poststimulus. With p = 3 frequencies, this resulted 
in frequencies of 7.8125, 15.625, and 23.4375 Hz, which 
are all the Fourier frequencies between 1 and 30 Hz. The 
generators of the PlOO in the unilateral reversal conditions 

were modeled by single dipoles. Since the bilateral reversal 
condition could be considered to he the sum of the two 
unilateral reversal conditions, the generators of the PI00 in 
this condition were modeled with two dipoles. 

Table 11 presents the goodness-of-fit measure 6. the esti- 
mated locations of the dipoles, and the approximate corrections 
for a three-shell model. The data for subject 101 are explained 
fairly well by the dipole model, but there appears to be 
substantial lack of fit to the data from the other two subjects, 
particularly for the unilateral conditions. The measure 6 was 
consistently greater for the bilateral condition than for the 
unilateral conditions, indicating that doubling the number of 
parameters (when going from the one-dipole model to the two- 
dipole model) more than compensates for the extra complexity 
of the bilateral data. 

In the unilateral reversal conditions. the dipole is contralat- 
eral to the stimulated visual field (Le., in the right hemisphere 
for left visual field stimulation. and in the left hemisphere 
for right visual field stimulation). This is consistent with 
the known projection of fibers from each visual field to the 
contralateral hemisphere. The differences in position between 
the subjects could be explained by occipital lobe anatomy, 
which varies among individuals [22]. 

In the bilateral reversal condition. the procedure was suc- 
cessful in distinguishing the contribution of each hemisphere 
to the VEP. The PI00 was modeled by the sum of the 
activities of two equivalent dipoles, one in each hemisphere. 
The placement of the bilateral equivalent dipoles in each 
subject was very similar to the placement of the corresponding 
unilateral equivalent dipoles. The one exception was the 
equivalent dipole placed in the left hemisphere for subject 
102, which was placed in a more eccentric position in the 
bilateral reversal condition than in the right visual field reversal 
condition. 

An examination of the plots of the time domain represen- 
tation of the fitted model against the time domain average 
evoked potentials revealed that, in subjects 101 and 105, the 
amplitude of the PI00 in the fitted model was about 45% less 
than the amplitude of this component in the average. Fig. 4 
illustrates this effect with the data from subject 101, for whom 
the amplitude of the fitted model was much lower that the 
amplitude of the average evoked potential, and the data from 
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Fig. 4. Recorded visual PlOO (solid lines) and fitted model (dashed lines) at two occipital electrodes for subjects 101 and 102. Data are from the contralateral 
occipital electrodes for each of the two unilateral stimuli. For subject 101, the amplitude of the fitted model is much less than that of the average, while for 
subject 102. tk amplitudes arc ncarly equal. We suspect that the bias in the fit to thc data for subject 101 is due to heterogeneity of the evokod potential signal. 

subject 102, for whom the amplitude of the fitted model was 
close to that of the average. 
This difference can be explained by variations in the latency 

of the single trial evoked potential signal to these two subjects. 
Since our statistical procedure assumes a homogeneous signal 
embedded in stationary random noise, any deviation from 
homogeneity of the response will be interpreted as noise, and 
the maximum likelihood estimation procedure will tend to 
filter out th is  apparent "noise." We applied statistical tests of 
signal heterogeneity [91, [lo], [13], 11 11, [151 to the data; the 
results indicated latency variation for subjects 101 and 105, 
for whom the amplitude of the fitted model was substantially 
lower than that of the average evoked potential, while there 
was no evidence of signal heterogeneity for subject 102. Note 
that signal heterogeneity will not have much effect on the 
goodness-of-fit measure 6 since the null and saturated models, 
like the dipole model, assume signal homogeneity. 

We also tried to fit a fixed orientation model to these 
data. The iterative procedure did not converge when applied 
to one of the unilateral data sets and when applied with 
two dipoles to the bilateral data sets. Based on the fit of 
the varying orientation model to the bilateral data sets, we 
computed rough estimates of dipole orientation. In general, 
the equivalent dipoles appear to be approximately radially 
oriented, but we are reluctant to attach any further importance 
to these orientations since there is strong evidence that the 
orientation varies over time. 

V. DISCUSSION 
We have presented a kequency domain dipole model that 

includes multiple dipoles and allows the orientation of each 

dipole to vary smoothly over time. The maximum likelihood 
estimators of the parameters of this model are computed 
using iterative Fisher scoring. Goodness-of-fit is evaluated by 
comparing the maximized likelihood of the dipole model with 
that of null and saturated models. 

An important practical advantage of the varying orientation 
model is that it is more flexible and more nearly linear than 
the fixed orientation model, and thus leads to fewer problems 
with convergence of the iterative estimation procedure. Fur- 
thermore, an equivalent dipole with varying orientation can be 
used to approximate two dipoles with fixed orientation when 
the two generators are close together. 

We modeled the generator of the midlatency auditory re- 
sponse using a single dipole with varying orientation. The 
results were similar to those obtained using a fixed orientation 
model in RTF, and they are consistent with the evidence that 
the P50 is generated in the thalamus [ 5 ] .  The fixed orientation 
model seems to be adequate, at least for representing the data 
from one subject used as an example. This  is consistent with 
the idea that the P50 is generated in a single relatively small 
anatomical structure. 

We used two dipoles to model the generators of the au- 
ditory P200. In this case, the varying orientation model was 
necessary: when we tried to fit a two-dipole fixed orientation 
model, the iterative estimation procedure did not converge. 
The use of a varying orientation model is consistent with 
the evidence that the P200 is generated in rather widespread 
structures in and around the primary auditory cortex. A recent 
study using a cat model [4] gave strong evidence that the 
cat analog to the P200 is generated in the auditory asso- 
ciational cortex. The associational cortex is more complex 
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and widely dispersed in the human brain, which suggests 
that the human P200 is generated by simultaneous activity 
in various parts of a relatively wide region. Thus, a varying 
orientation model is appropriate. An alternative approach 
would be to fit a fixed orientation model with four or more 
dipoles, as was demonstrated by Scherg and Von Cramon 

Localization of the generators of the visual PI00 
response to unilateral stimulation was consistent with the 
known projection of fibers from the right or left visual 
field to thc contralateral hemisphere. A two-dipole model 
fit the PI00 response to bilateral stimulations, and the 
estimated locations of the two dipoles were similar to the 
corresponding locations in the analysis of the unilateral 
data. Again, we found that the varying orientation model 
was necessary to fit two dipoles because the iterative 
procedure did not converge when the orientations were 
fixed. 

The analysis of the visual data revealed a problem with the 
maximum Iikclihood estimators. The estimated time domain 
magnitude functions had noticeably lower amplitude than the 
actual average evoked potentials for two of the subjects, and 
this seems to be due to heterogeneity of the evoked potential 
signal. We are planning future work on a dipole model that 
accounts for both signal heterogeneity and random background 
EEG . 

In addition to localizing equivalent dipoles, the frequency 
domain dipolc model provides a framework for performing 
statistical inference concerning the effects of experimental 
manipulations and disease states on the evoked potential 
generators. We are presently generalizing the model to allow us 
to estimate- these effects, and perform hypothesis tests within 
the context of the dipole model. We also are investigating the 
effects of model specification on such statistical inference. 

(171. 
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APPENDIX 

COMPUTATION OF MAXIMUM LIKELIHOOD ESTIMATES 

A. The Likelihood Function 
The likelihood is a function of the Fourier coefficients of 

the data Xjkf(j = l , . . . , n ;  k = l ; . . , n ;  f = l , . . . , p )  and 
of the signal arising from each dipole S k f q  ( k  = 1, . . . , n; f = 
I , .  . . , p ;  q = 1 , .  . . , T ) .  In Section 11, we expressed the 
coefficients & f v  in terms of the dipole parameters. Define 

Skf+ = E, s k f s ,  where the plus sign as an index denotes 
summation over that index. Also define the column vectors 

E,, = (Ejlf?. . ' ,  EJrnf )T .  Under the assumptions given by 
RTF, the random vector Ejf  has approximately a multivariate 
complex normal distribution with mean equal to the zero 
vector and variance equal to a Hermitian matrix E,. The 
approximate negative log-likelihood is 

Sf = (Slf+. . . ' 7 smf+)T, X,f = (xjl/, ' '  ' : Sjnzf)T, and 

1 =nmp log 7T+ nc log 
f 

J I  

where * denotes the complex conjugate. 

B .  Computation of' Starting Parameters 
The maximum likelihood estimates must be computed by an 

iterative algorithm that requires starting values for the dipole 
parameters. When we are using only one dipole (as in the 
analysis of the P50 data), we use a starting location of (0, 
0, 0) (the center of the head). Once the location is specified, 
the dipole moment can be computed using generalized least 
squares (GLS). The GLS estimators, which are defined below, 
are used as starting parameters for the dipole moment. 

The choicc of starting parameters is more difficult in the 
case of two or more dipoles. One possibility would be to define 
a set of possible locations for each dipole and to perform a 
grid search among all combinations of these locations. This 
would be quite inefficient: for the analysis of the p200 data, 
we used our prior supposition that the two dipoles would be 
located in roughly bilaterally symmetrical brain areas. (A more 
sophisticated approach was recently suggested by Mosher et 
ai. [ 121 for the closely related problem of fitting a dipole model 
to magnetoencephalogram data.) 

We now define the generalized least squares estimators that 
are needed as starting parameters; these estimates also are 
useful in applications where we can specify the location based 
on anatomical considerations. If the dipole locations 81. . . . ,e,. 
are known, then the frequency domain dipole model takes the 
form of a complex-valued multivariate linear regression model. 
If we define the matrix (see top of page) and the column vector 

(4) can be written using matrix notation as 
rf = (rlfl~r2fIr~3~1r....rlf1..~2~r.r3fr) T, then (3) and 

where c is a matrix of known real-valued constants. rf is a 
vector of unknown complex-valued parameters, and Ej f is a 
complex-valued random vector. 
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The generalized least squares estimates of the Fourier coef- likelihood of a saturated model, and let IO be the negative 
log-likelihood of a null model. Then 6 = ( lo  - I m ) / ( l o  - 1.) .  
We compute 1. by evaluating (6) at the maximum likelihood 
estimates; this minimized negative log-likelihood has a simple 
form: 

ficients of the dipole moments are then 

r f = (C=X;’C)-’C=x;1x. f (9) 

where x.f = ( l /n)CjXjf .  These are the maximum like- 
lihood estimates when &,...,X, are known. When the 
covariance matrices are unknown, they can be estimated by 
(see RTF) 

i=f = ( l / n )  C(Xjf -x.f)(xjf - Z I . ) * T .  (10) 
i 

C.  Estimation When the Dipole Locations are Unknown 

RTF described the use of the Fisher scoring procedure to 
estimate the parameters of a model in which the orientations 
are fixed over time, and only one dipole is active. In Sections 
I1 and A. 1 of this paper, we used notation so that the likelihood 
and its derivatives [(2.3), (3.6), and (3.7) in RTF] are written in 
the same way when applied to a model with varying orientation 
and multiple dipoles. However, the estimation procedure used 
in this paper differs from that described by RTF in two 
ways: first, the starting values are computed according to 
the methods described in Section B of this Appendix, and 
second, the elements of the vector aS,/a[ are computed as 
appropriate for the varying orientation. multipledipole model. 
These derivatives can be expressed in terms of vectors of the 

matrix c defined by 7 [compare (3.8) in RTF‘j: 
form Qq = [Cld(eq), . . . , %d(eq)]*, which are COlUmnS Of the 

The elements of the vectors of the form a~,~/ati’d~ are given 
in the Appendix of RTF. 

Since the dipole model is linear in the parameters rj(f = 
1,. . . , p), the estimation procedure could be made more ef- 
ficient by separation of the linear and nonlinear parameters. 
Seber and Wild 121) discuss improved algorithms based on 
such a separation for least squares estimation; Mosher [I21 
applied this approach to the dipole localization problem. 
Although we have not done so. we note that a similar approach 
could be developed for maximum likelihood estimation of 
dipole parameters. 

D. Computation of the Goodness-of-Fit Measure 
The goodness-of-fit measure 6 is an implementation of 

a statistic described by Agresti [I] for likelihood models 
arising in categorical data analysis. Let I, be the negative 
log-likelihood of the fitted model, let I ,  be the negative log- 

I ,  = nmp(l0g 7r + 1) + n log IEf( (12) 
f 

where %j is the maximum likelihood estimate of Zf. 
The saturated model includes a separate parameter for each 

channel and each frequency, so that the maximum likelihood 
estimates of the signal are simply the mean vectors X.f for 
f = 1,. . . , p ,  and the minimized negative log-likflihood 1, is 
the same as (12) except that &j is replaced by X f ,  which is 
defined by (10). 

We define the null model to have only one parameter for 
each frequency, so that the estimate of the signal is [8, p. 1061 

where I ones. Then the minimized 
negative log-likelihood 10 is the same as (12). except that Xj 
is replaced by 
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