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We present a multichannel, mode1;free method f o r  estimation of 
event-related potential (ERP) amplitude ratios and amplitudes using 
sirgular value decomposition (SW), and compare with the Dipole 
Components Model (DCM). whm the ERPs are generated b~ a single 
or multiple dipoles with equal amplitude ratios, the SW mehod is 
supmor to DCM in terms of reliabk estimation of amplitude and is 
comparable w'th DCMfor reliable and unbiased estimation ofamplitude 
ratios. We  show that dipole model misspecjtication leads to unbiased 
amplitude ratios and biased amplitudes w h  the ERPdata sets are ( 1 )  
generated and j t  with a single dipole, or (2) genuakd !y .Ydipoles uith 
equal amplitude ratios a n d j t  with M S  JV dipoles, because the effect 
ofmodel misspecjtication 'canceh 'for a ratio. Similurb proofthat DCM 
estimates amplitude ratios more reliabh than amplitudes for these cases 
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is given. 

Introduction 

The study ofbrain electrical activity is a non-invasive method 
for investigating the central nervous system correlates of 
information processing. The term 'event-related potential' 
(ERP) typically denotes brain electrical activity that is 
time-locked to and in response to either an externally or 
internally generated stimulus. Because the brain electrical 
response to a single stimulus has low amplitude and is 
obscured by the electroencephalogram (EEG) and 
electromyogram (EMG), which are not time-locked to the 
stimulus, responses are elicited repeatedly and averaged in 
order to enhance the time-synchronized ERP. 

Multichannel ERP experiments are typically designed to 
measure the brain response to the eliciting stimulus as a 
function ofbetween subject differences and/or within subject 
experimental manipulations. In this way, ERPs may be 
used to compare subject populations (e.g. normals versus 
schizophrenics) and/or to compare conditions (e.g. before 
versus after treatment; target versus non-target stimuli). To  
accomplish this, the between subject and/or between 
condition ERP differences must be measured. The ERP 
time-series are usually not compared at each time point, but 
are analysed using techniques that reduce the ERPs to a 
small number of parameters that describe the salient features 
of the multichannel waveforms. Such techniques include 
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peak-picking, topographic mapping, global field power 
analysis, principal components analysis (PCA), and dipole 
modelling. 

Dipole source modelling 

Much research on dipole source modelling of ERPs has been 
published in recent years, with the bulk of that research 
focusing on localization of the brain regions and systems 
generating the ERPs. In this body of research, dipole source 
localization typically is applied to a single, multichannel ERP 
data set. Moving beyond single data set analysis, to the 
comparison of dipole parameters across subjects or 
conditions, is not trivial. 

One problem that arises when comparing subjects or 
conditions is that it is often not obcious which dipoles should 
be compared with which. For example, should the 
parameters of dipole A from subject I be compared with the 
parameters of dipoles D, E, or F of subject 2? Another 
problem has to do with separating signal from noise. For 
example, iffor each ERP, dipole modelling is used to estimate 
parameters for three dipoles, there is no way of knouing if 
the differences in dipole parameters for the ERPs are due to 
subject or condition effects or to different instances of noise 
present in the ERPs. Both of these problems are compounded 
as the number of ERPs studied from the various subjects 
and/or conditions becomes large. 

Turetsky et ~ l .  developed the Dipole Components Model 
(DCM) to address some of the problems of data set 
comparison [ 13. DCM is a variance components model that 
separately estimates subject and condition effects while using 
biophysical constraints for the underlying model parameters. 
In its initial form, DCXl enforced constraints over time by 
modelling the time-function of each source as a decaying 
sinusoid. Cpnstraints over space were enforced by modelling 
each generator as a current point dipole active in a sphere of 
homogeneous conductivity. DCM enforced constraints over 
subjects or conditions by requiring the estimated dipoles to 
have the same location and orientation across Subjects or 
conditions. These DCM constraints simplify parameter 
comparison across data sets. If a single dipole is fit  to 
two ERP averages, parameters describing the location, 
orientation, and time-varying activity of the generator are 
simultaneously fit to both averages. In addition, parameters 
are fit to describe the amplitude of the separate averages. 
When estimating amplitude effects across the averages, only 
the amplitude parameters need to be compared. 

Although DCM is a dipole modelling method that can be 
used to estimate within and between subject ERP differences, 
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DCM is limited in its implementation thus far. The 
limitations have to do with inaccuracies or misspecification 
in the DCM model (e.g. modelling the head as a single-shell 
sphere of homogeneous conductivity, using a decaying 
sinusoid time-function, constraining locations and 
orientation of dipoles across subjects to be identical). 

Below, we ( 1 )  apply the DCM method to the estimation of 
the auditory P50 Conditioning-Testing (C-T) ratio. We 
show that dipole modelling increases the reliability of the 
C-T ratio in comparison with single-channel peak picking, 
but report the anomalous results that DCM does not increase 
the reliability of Conditioning (C) or Testing (T) ERP 
amplitude estimates. (2) We hypothesize that model 
misspecification affects DCM estimation of C or T 
amplitude, but does not affect adversely C-T ratio 
estimation. Both analytically (for the noise-free case) and in 
simulations (for the case of ERPs embedded in EEG and 
instrumentation noise) we show that for a number of special 
cases [of which C-T ratio estimation is an example), model 
misspecification in DCM ‘cancels out’, yielding unbiased 
estimates. 13) For the simulations of point 2, we show that 
DCM has increased C-T ratio reliability compared with C 
or T amplitude reliability. (4) For the special cases of point 
2 ,  we apply a model-free approach, Singular Value 
Decomposition (SVD), to the estimation problem. We show 
that, in these special cases, it performs as well as DCM, while 
being much simpler and taking orders of magnitude less 
computational time. ( 5 )  We discuss the implication of these 
results for various classes of ERP estimation problems. 

DCM applied to estimating the P50 C-T ratio 

Even with the model limitations alluded to above, DCM held 
potential advantages over peak-picking. Peak-picking uses a 
single channel of data, whereas DCM uses multiple channels 
of data to estimate dipole parameters. Because peak-picking 
is applied to each data set separately, it is more sensitive to 
the noise specific to each data set than is DCM, which fits 
parameters to all data sets simultaneously. Because of these 
potential advantages of DCM over peak-picking, Cardenas 
et al. [2] applied DCM to the estimation of the auditory P50 
C-T ratio in an attempt to improve the reliability of this 
measure. 

In normal subjects, suppression of the auditory PSO-evoked 
a response to the second of two paired clicks when the 
interstimulus interval is < 1 s, as first shown by’Davis et al. 
[3]. The degree of suppression of the second response is 
typically measured by the ratio of P50 amplitude to the 
second (T) versus first (C) click, called the C-T ratio. In 
normal subjects, at an interclick interval at 500 ms, the C-T 
ratio is usually <0.5. Under the same conditions in 
schizophrenics, many investigators have found that the 
response amplitude to the test stimulus is comparable or only 
slightly suppressed as compared with the conditioning 
stimulus, resulting in C-T ratios close to 1.0 [4-91. This 
reduced or absent P50 suppression has been hypothesized 
by Freedman et al. to reflect a preattentive or neuronal 
impairment of auditory sensory gating [SI. 

Kathmann and Engel [lo] and Boutros et al. [ 1 I ]  reported 
very low test-retest reliability of the C-T ratio, which severely 
limits the utility of the C-T ratio as a tool for characterizing 

sensory gating in individual subjects, and precludes 
longitudinal studies examining the association between 
sensory gating and clinical variables. The low reliability ofthe 
C-T ratio is partly explained by the manner in which it was 
computed in these studies. With peak-picking, noise makes 
independent contributions to the conditioning and testing 
amplitude estimates. Given the independent noise of the C 
and T measurements, the effect of noise on the C-T ratio is 
augmented. Cardenas et al. [2] showed that the presence of 
normally distributed noise on the C and T amplitudes results 
in the presence ofCauchy dstributed noise on the C-T ratio. 
Because the Cauchy distribution is more heavily tailed than 
the normal distribution, the C-T ratio is more variable (and 
thus less reliable) than either the conditioning or testing 
amplitude. 

We applied DCM to auditory P50 C-T data and showed that 
DCM improved the reliability of the C-T amplitude ratio 
computed across six replications of P5O data collected on 12 
subjects. We observed (but did not report in that paper) that 
DCM did not improve the reliability of either the C or T 
amplitude estimates, suspected that the low reliability of our 
C and T amplitude estimates was due to the limitations in our 
DCM implementation, but could not explain why the C-T 
ratio estimates were improved. - 
Effect of DCM model misspecification on the bias 
and variance of amplitude and amplitude ratio 
estimates 

Although we found that DCM significantly improved the 
reliability of the C-T ratio estimate, we had not established 
the accuracy of the C-T ratio estimate derived from DCM. 
We questioned whether the DCM ratio estimate was biased 
and whether that bias would be reduced as the DCM model 
was made more accurate. Pilot work in which we simulated 
single-generator or synchronously active multigenerator 
ERPs using a skull shape model and fit those data using a 
spherical model showed that C-T ratio estimates were 
unbiased [ 121. 

In hindsight, this result made intuitive sense. In order 
partially to compensate for inaccuracies in the head model 
used to estimate ERP dipole sources, the dipole parameters 
are biased, as is the dipole electrode weighting function. Since 
the potentials at each channel equal the dipole amplitude (at 
each time point) multiplied by the dipole’s electrode 
weighting function, the amplitudes at each time point change 
linearly with changes in the electrode weighting function. For 
example, consider a conditioning ERP generated in a real 
head by a single dipole with a peak magnitude of 6 and a 
true electrode weighting function at the vertex of 04, 
resulting in a vertex scalp recorded response of 2.4 pV. For 
demonstration purposes let us assume that when fit with a 
single dipole spherical model (i.e. when we use an inaccurate 
dipole model) we estimate the electrode weighting function 
at the vertex to be 0.3 and the peak dipole magnitude to be 
8, yielding a scalp recorded response of2,4 p V .  This example 
shows that deviations of the electrode weighting f u n c t h  
from the ‘true’ function result in a linear change in dK 
estimated dipole amplitude. The estimated dipole amplitude 
is biased by some scaling factor, and the size of the scaling 
factor is related to the ‘amount’ of model misspecification. If 
the same misspecsed electrode weighting function is used to 
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estimate the amplitude of a second ERP generated by the 
same &pole source as the first ERP, the estimated amplitude 
is an identically scaled 'true' amplitude. The C-T ratio of C 
and T amplitudes -estimated using the same misspecified 
model and dipole source is then simply the scaled 'true' T 
amplitude divided by the scaled 'true' C amplitude. But since 
the scaling factor is the same in the numerator and 
denominator of such a ratio, it cancels, and the estimated 
C-T ratio equals the true C-T ratio. The C-T ratio is thus 
unbiased. 

Cardenas [ I31 investigated the subset of generator models for 
which the bias of model misspecification cancels when 
estimating an amplitude ratio. She showed that in a dipole 
model with head and/or time-varying magnitude function 
misspecification, when estimating amplitudes of a given 
dipole generator across data sets, the amplitude estimates are 
biased, while ratios of these estimates across data sets are 
unbiased, for all cases where: 

(1) ERPs are generated by a single dipole; 
(2) ERPs are generated by multiple dipoles, all with 

equivalent amplitude ratios across data sets; and 
(3) ERPs generated by N dipoles with equivalent 

amplitude ratios across data sets are estimated by < N 
dipoles. 

Appendix A shows that the ratio of two amplitude estimates 
is unbiased in the cases cited above. 

The cancellation of model misspecification cannot explain 
why the C-T ratio estimate of Cardenas et al. [2] was more 
reliable than the C or T amplitude estimates. The higher 
reliability of the C-T ratio estimate implied that the inverse 
of the coefficient of variation (COV - I )  of the C-T ratio 
estimate was larger than the COV- l  of the amplitude 
estimates. Appendix B describes the simulation experiment 
we conducted to examine the COV - Is ofamplitude ratio and 
amplitude estimates using DCM. We used the simulated 
annealing algorithm of Gerson et al. [14]. which is not 
sensitive to starting parameter estimates, to ensure that our 
results were not due to failure of our nonlinear optimization 
algorithm. Appendix B demonstrates larger Cor' - I of 
derived amplitude ratios than of amplitude estimates when 
using DCM. 

The lack of bias and reduced variance of amplitude ratio 
estimates compared with amplitude estimates led us to 
question the merits of imposing the dipole modelling 
constraint, especially if it simply 'cancels' for the C-T ratio. 
We examined the use of an algorithm based on the SVD to 
estimate ERP amplitudes and amplitude ratios. 

Singular value decomposition method 

The SVD method is similar to DCM in that it estimates the 
within and between subject ERP effects using multiple 
channels, multiple time points, and multiple data sets. It 
differs from DCM in that it does not assume any specific 
topographical or temporal model. In other words, the SVD 
method does not assume that the ERP generators are point 
dipoles or that their time-varying activity is well described by 
a decaying sinusoid. 

The model-free SVD method is described here. It involves 
two sequential SVDs. Letters in bold face indicate vectors, 
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script letters in bold face indicate matrices, and letters in 
italics indicate scalars. 

Let & be a matrix composed of two data sets. Let n denote 
the number of electrodes, and u the number of time points. 
The matrix & will then be of dimension u X 2n, where the 
first n columns consist of the first data set, and the remaining 
n columns consist of the second data set. The matrix N can 
be written as: 

1 H I I  ... HI, HIn+Ij ... H1(2n, 

H21 . . . H2n H2in + I ,  . . . H 2 ~ q  

When SVD is applied to S', three matrices are obtained, and 
they are (assuming that 2n < u): 

SUI 0 ... 0 

o m 2 o o  

i 0 . . .  i 

0 0 ... SU2* 

0 0 ... 0 
. . . .  . . . .  . . . .  
0 0 ... 0 

One can think of 'u as the map from time points to some 
intermediate space, and ?YT as the map from that 
intermediate space into channels. When only a single dipole 
is active or when two or more dipoles with identical 
time-functions are simultaneously active (e.g. if P50 results 
from bilateral auditory cortex generators with identical 
time-functiqns), all electrode channels have the same 
waveform 'shape' over time, with any differences in 
waveform shape across channels attributed to noise. Only the 
first singular value, mI, will then be significantly different from 
0, the remaining singular values can be set to 0, and a very 
good approximation to the true data set X is still achieved. 
Only SUI, the first right singular vector U 1, and the first left 
singular vector Y 1 contribute to &' (the approximation to 
&), as shown: 
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As can be seen from H‘, the first right singular vector, U.1, 
is the common shape across all channels, and the first left 
singular vector Y.1, contains the electrode weightings. 

The first application of SVD ‘enforces’ a common temporal 
distribution across electrodes. Because we also want to 
enforce a common topographical distribution across data 
sets, SVD must be applied a second time. T o  do so, the first 
left singular vector, Y.1, weighted by SUI is arranged into an 
n X 2 matrix, which is denoted 8, as shown: 

SVD is used to factor the matrix 8 into three matrices, as 
shown, p;, x;, ... x;.] 

x;, x;, ... x;, 

x:, xi, ... x:, 
X f = I  ; ; .., ; 1 

One can think of J‘ as the map from electrodes to some 
intermediate space, and CY’’ as the map from the 
intermediate space to data sets or replications. When a single 
dipole is active or when two or more dipoles with identical 
time-functions are active simultaneously, only the first 
singular value mi, will be significantly different from 0. The 
first right singular vector, X’I, is the ‘common’ topographical 
distribution across the data sets, and the first left singular 
vector Y’, , contains the amplitude parameter estimates for 
the two data sets. The singular value, m;, is the common 
amplitude. The approximation 8’ to d is: 

and by substituting all values, one obtains the approximation 
to the original e, as shown, 

r U , , X ; ~ ~ ; ~ ; ,  ... u , , x : , ~ ; ~ ; ,  

An examination of X‘“ shows that U.1 is the common shape 
across all channels and data sets, X.’l is the common 
topographical distribution across data sets, Y.’I are the 
amplitude parameters that describe the effects on amplitude 
across data sets, and mi is the common amplitude. 

The advantage of the SVD method is that while 
incorporating the constraints of common time-function and 
common topographical distribution it is much faster and 
easier to use than DCM because nonlinear optimization is 
not required. The disadvantage is that it may fail for multiple 
dipoles overlapping in activation, and that effects on latency 
cannot be estimated. We compared below the SVD method 
to DCM on both simulated ERP data and real auditory P50 
C-T data. 

Methods 

Simulations 

We simulated auditory P50 C-T data to test the SVD 
method. We used a three-shell boundary element skull shape 
model to compute the weights relating a specified dipole . 
location and orientation to surface potentials at 30 scalp 
electrode locations. A template for the time-varying dipole 
activity was constructed using an averaged and digitally 
filtered P50 E W  recorded from the vertex-left ear derivation 
ofa control subject. The simulated ERP at each electrode was 
computed by multiplying the time-varying template at each 
time-point by the weight for that electrode. 

The locations and orientations of the simulated single dipoles 
and dipole pairs are shown in figure 1. We simulated ERPs 
generated by dipoles 1, 3 or 5 ,  or by dipole pairs 1 and 2, 3 
and 4, or 5 and 6. When dipole pairs were used to simulate 
ERPs, they had synchronous activation and identical 
time-functions. Figure 2 shows our electrode montage 
projected on to a spherical horizontal plane. The 
bold-faced-labelled electrodes were common between the 
simulated data and the real P50 data analysed, the 
normal-faced-labelled electrodes were only included in the 
simulated data, and the italicized-labelled electrode was only 
included in the real P50 data. 

,/ 
, ’ 

We simulated P50 C-T data at 30 electrodes due to either 
a single dipole or a dipole pair. The P50 due to that generator 
configuration was simulated at one of two suppression levels; 
one level corresponded to normal C-T ratio and the other 
to an abnormally high C-T ratio. We then added an 

venex 

Saggital view Horizontal view 

F@re I .  Locations and orientations of the simulated &$e dipoles and 
dibolepairs in the three-shLL skull shape used to gemate the simulation 
datu. 
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Figure 2. Locations ofthe electrodes projected on to a horizontal plane. 
Electrodes labelled in bold were common between the simulated and real 
data sets, the normal-fced-labelled electrodes were used in the simulated 
data 0.4, and the italicized electrode was used in the real data set on&. 

averaged random sample of EEG noise to the C and T 
responses. The EEG was scaled to create simulated P50 at 
low (1.41) and high (7.07) signal-to-noise ratios I~SNRS), using 
the method of Raz et al. [ 151. Different averaged samples of 
EEG noise from a single subject were used to create 20 
replications of P50 C-T data at each SNR and at each 
suspension level. Different averaged samples of EEG from a 
second subject were then used to create 20 more replications 
at each SNR and suppression level, and these simulated ERPs 
were used to test whether the results obtained for the first data 
sets were specific to the structure of a single subject's noise. 
This process of generating ERPs at different suppression 
levels and adding noise was repeated for all six generator 
configurations studied. 

We used the SVD method to estimate the C and T P50 
amplitudes and the derived C-T ratio for all simulated data 
sets. The simulated C response at 30 electrodes was contained 
in the first 30 columns of H' and the simulated T response 
was contained in the last 30 columns of H' (see section on 
SVD for notation!. The conditioning amplitude estimate was 
then IU; Y; 1 ,  the testing amplitude estimate was m; Yil, and the 
C-T ratio was Yil / Y; I. 

We fit the DCM to the simulated conditioning and testing 
ERPs. ,411 simulated P50 replications were fit with a single 
dipole, even if the simulated data had been generated by two 
dipoles. As shown in appendix A, when ERPs generated by 
hvo dipoles with equal amplitude ratios across data sets are 
estimated by one dipole, the ratio of the amplitude estimates 
across data sets is unbiased. Since our data sets were 
generated by dipole pairs with equal amplitude ratios, we 
chose to use the simpler, single dipole DCM. The simpler 
DCM is also more comparable with the SVD method. 

For each set of 20 replicate ERPs generated, we computed 
the inverse of the coefficient of variation (COV ' ) for the C 
and T amplitude and for the C-T ratio. The definition of 
COV-I  is the mean/SD and C O V - '  increases as the 
variability of the estimates decreases. This also implies that 
as COV - I increases, reliability of the measure increases. 
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COV - was computed because the variances of the derived 
amplitude ratios could not be directly compared with the 
variances of the amplitude parameters, due to the differences 
in the means. The COV - ' scales the variances to their means, 
so that meaningful comparisons can be made. The C, T, and 
C-T ratio COV - were compared between the DCM and 
SVD methods. 

Application to P50 

We also applied the SVD method to the P50 C-T data used 
earlier [2]. Briefly, this data consisted of six replications of 
P50 collected in a C-T paradigm from 12 normal hearing 
subjects. Data were collected from 14 scalp electrodes (figure 
2) .  The data were bandpass filtered between 10 and 50Hz 
using the filter described by Jerger et al. [ 161. A time window 
within the average was selected in order to analyse only the 
section of the average response where P50 was prominent. 
Because the earlier analysis showed that electrodes F7 and F8 
were noisy and affected the DCM fits, they were discarded 
from the SVD analysis. A subject who did not exhibit a valid 
P50 response was excluded, this subject was also excluded 
from the SVD analysis. 

Similar to the simulation experiments described above, we 
used the SVD method to estimate the C and T P50 
amplitudes and the derived C-T ratio for all P50 data sets. 
The C response at 12 electrodes was contained in the first 12 
columns of JEP, and the T response was contained in the last 
12 columns of S (see Singular value decomposition method 
section for notation). The C amplitude estimate was then 
sciYi1, the T am litude estimate was SC~T~I, and the C-T 
ratio was Y~,/YII. The reliability of the C-T ratio was 
computed using the intraclass correlation coefficient (ICCI, 
as described by Shrout and Fleiss [ 171. Those results were 
compared with our results that used DChl to analyse this 
same data set. 

P 

Results 

Simulation results 

Both DCM and the SVD method estimated the C-T ratio 
reliably and without bias. There was no siLgnificant difference 
hetween the C -T ratio COP' - Is estimated using the SVD 
method and dipole modelling ( p  = 0.304). Figure 3 shows the 
mean and standard dexiation of the COCrr-'. where the 
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Fwre 3. Means and standard deviations of the inverse of the coe&cimt 
.f uariation fDr the conditioning-testing ratio estimates (COK- I) 
are plotted for the SI/D and DCM methods. Statistics were computed 
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Data Sei Data Sei 

Fgure 4. Means and standard deviations ofthe inverse ofthe coe#cmf 
of vanation for the conditioning and testing amplitude eshmates 
[CO 1 i- I and CO L{- I )  are plotledfor the S D  and DCM methods. 
Stahstics were computed over the normal C- 1 ratzo data sets at low and 
htgh S V h  (nl and nh), and over the abnormal& hgh C- T ratio data 
sets at e u h  SNR (a1 and ah) Cot:-’, A COI.;-’. 

statistics were computed over all normal suppression. low 
SNR data sets (nl), high SNR data sets (nh), and the abnormal 
suppression data sets at low and high SNR (a1 and ah). The 
difference between the C-T ratios estimated using SVD and 
the ‘true’ ratio was 0.4%, which is the same as the bias 
reported in appendix B for the DCM estimated ratios. 

Only the SVD method, however, estimated the C and T 
amplitudes reliably. Figure 4 shows the mean and standard 
deviation for Coli,- and Cot<- over the different data sets. 
The difference between the SVD and DCM results is 
apparent, especially for the high SNR results. The COT7 - ’ s  
for the C and T amplitudes estimated using the SVD method 
were significantly greater than the amplitude COT’ - ’ s  
estimated using DCM (p < 0-001 and < 0.001 respectively). 
The C and T amplitudes were biased using DCM, which was 
not surprising since DCM used a misspecified model. The 
SVD amplitudes have no units of measure and are simply a 
descriptive estimate of ERP amplitude. IVithout an 
appropriate model, the SVD amplitudes cannot be scaled, 
and cannot be directly compared with the true generator 
amplitude. 

\%‘e observed that the reliability of the C and T amplitudes 
estimated using DChf was better for eccentric dipoles \dipole 
5 ,  or dipole pair 5 and 6). 

P50 resulk 

When 12 electrode channels were included in the SVD 
analysis, the reliability of the C-T ratio (as measured by the 
ICC on 11 subjects) was r = 0.45. As we reported [2], the 
reliability of the C-T ratio estimated using peak-picking on 
11 subjects was r = 0.37, while that of DCM was r = 0.63. 
\.Ye observed above that the magnitude of the first singular 
value was not much greater than the second. This led us to 
suspect that non-P50 activity time-locked to stimulus onset 
was present at some channels, and that SVD could not 
separate the P50 response from other time-locked activity. 

The channels that would most likely exhibit time-locked 
activity overlapping P50 were Fpl and Fp2 (due to possible 
eye-movement contamination, as reported by Gasser et al. 
[ 18]), and T3 and T4  (possibly representing the overlapping 
presence of Tp41, as reported by Cohen [19]). When we 
eliminated Fp 1, Fp2, T3 and T4 from the SVD analysis, the 
reliability of the SVD results improved. The ICC of the C-T 

ratio estimated using the SVD method on eight electrode 
channels over 11 subjects was r = 0.66, as compared with 
r = 0.63 for the C-T ratio estimated from 12 channels using 
DCM. 

Discussion 

When no other activity time-locked to stimulus onset is 
present in scalp recordings other than that generated by a 
single or multiple dipoles with equal amplitude ratios, the 
SVD method is superior to DCM in terms of reliable 
estimation of amplitude, and is comparable with DCM for 
reliable and unbiased estimation of amplitude ratios. Because 
the SVD method is simpler and faster than DCM, there is 
no reason to use DCM when amplitudes and amplitude ratios 
are the only parameters of interest. 

The SVD method is closely related to PCA, and PCA can also 
be used to estimate component amplitudes and amplitude 
ratios. Because PCA is only performed on square, positive 
definite symmetric matrices, the construction ofsuch a matrix 
is required prior to PCA. One must choose whether to 
perform PCA on a correlation, covariance, or cross-product 
matrix, all with different implications for interpretation of the 
results [20-221. In addition, to perform an analysis similar to 
that presented here using SVD, PCA would need to be 
performed twice; first, on the correlation, covariance, or 
cross-product matrix, and secondly, on a correlation, 
covariance, or cross-product matrix constructed from the first 
principal component. In comparison, the SVD is applied to 
the original, usually non-square matrices. This is a 
computational advantage, and is conceptually simpler (it is a 
simple decomposition of the original data matrix into its 
principal directions). 

The results of the SVD method are impressive, but are only 
valid for the restricted cases mentioned preLiously in this 
paper and for which proofs are presented in appendix A. The 
application of the SVD method to real auditory P50 showed 
that the inclusion of channels at which other time-locked 
activity was present severely degraded the performance ofthe 
method. The SVD method does not use a model for the 
common ‘shape’ of the ERP across electrodes or for the 
common topographical distribution over data sets. DChf 
imposes dipolar biophysical constraints on the topographical 
distribution. Because of this, DCM can ‘separate’ the dipolar 
signal from non-dipolar electrical activity in the average. The 
SVD method cannot separate dipolar versus non-dipolar 
electrical activity, especially when such activity is correlated 
across electrode channels. Although better data collection 
and processing methods can help to decrease noise or to 
exclude noisy channels of data, it is a more difficult task to 
exclude electrodes because of the presence of other 
time-locked activity. 

In the 1970s, PCA was widely applied, and was accepted as 
a method of choice for analysis of multichannel ERP data 
collected across conditions and subject groups [2 1-23]. The 
goal was to identie components and to partition the variance 
among the multiple components underlying the ERP 
waveforms. Using simulated data, Wood and McCarthy [26] 
demonstrated that PCA misallocates the variance among 
components. Subsequent to their paper, PCA has fallen into 
disrepute and is rarely used in manuscripts analysing ERP 
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data across subject groups and/or conditions. In the context 
of this history, the findings of this manuscript conclude that 
PCA, or the related SVD method, can make a major 
contribution in those cases where allocation of variance 
among multiple burces is not at issue. It is precisely for such 
cases that the SVD method presented here works, and affords 
improved reliability of estimates of amplitudes and amplitude 
ratios. 

Dipole modelling amplitudes and ratios will be biased in most 
misspecified multiple dipole models. The reliability of ratio 
estimates in multiple dipole models has not yet been studied, 
and it is unclear at this time if dipole modelling will lead to 
reliability increases in such cases. 

The SVD and DCM results of this paper are limited to the 
estimation of within and between subject effects on ERP 
amplitude. Estimation of effects on latency is a more 
complicated problem, because latency parameters do not 
enter the estimation problem linearly and thus cannot be 
estimated using the SVD method. There are many ERP 
experiments in which latency changes are observed between 
subjects or experimental conditions, so reliable and accurate 
estimation of latency effects is important. 

Another limitation ofboth the DCM and SVD methods is the 
constraint that the time-varying magnitude function and the 
topography between channels be exactly the same between 
data sets. This rigid constraint is somewhat unrealistic, 
especially if the data sets were collected from different 
subjects. It would be more realistic if slight differences in the 
topography and time-function were allowed, and the 
relaxation of these constraints may also lead to improved 
estimation. Such slight differences can be implemented using 
DCM. We are currently working to develop a mixed-effects 
dipole modelling algorithm that would address this issue. 

In those limited cases in which it is valid, SVD may be useful 
as a multiple channel, multiple time-point amplitude 
estimation method. It is well known that amplitude estimates 
from peak-picking are unreliable, largely because single time 
points at single channels are very sensitive to noise. As a way 
of reducing the effect of noise on amplitude measurements, 
SVD may be used to measure amplitude over multiple 
channels and time-points. The resultant amplitude would 
have no physical meaning, but would be available for 
comparison with other SVD-derived amplitude estimates. 
Moreover, dipole modelling requires a large number of 
electrodes. It is generally accepted that at a minimum one 
channel of data is necessary for each parameter estimated 
using a nonlinear optimization procedure. The SVD method 
has no such limitation. Theoretically, the SVD method can 
be used to measure amplitudes for two data sets using a single 
channel of data. This would result in an S' matrix of 
dimension u X 2, where u is the number of time-points. This 
may make the SVD method attractive to clinicians, who 
typically do not have the time or equipment for measuring 
16 or 32 channels ofdata. The SVD method could be a quick 
clinical test for measuring amplitudes on data sets with a 
limited number of electrodes. 
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Appendices 

A 
We will show that for the case of fitting multiple dipoles to 
multiple time points with head model and time-varying 
dipole magnitude function misspecification, both amplitude 
and amplitude ratio estimates are biased, unless all dipoles 
have the same amplitude ratio (computed across data sets). 
We will also show that when simplified to the single dipole 
case, amplitudes are biased but amplitude ratios are not. The 
case where Ndipoles are fit by C Ndipoles is also considered, 
and we find that amplitude ratios are estimated without bias 
when all dipoles have the same amplitude ratio computed 
across data sets. 

The proofs here assume noise-free potentials. This appendix 
addresses the issue of bias for dipole modelling derived 
amplitudes and amplitude estimates, and does not address the 
issue of reliability. 

Notation: Bold-faced letters indicate vectors, bold-faced 
script letters indicate matrices, and italic-faced letters indicate 
scalars. Unit vectors (vectors of length 1) are indicated by a*.  

Fitting 1 dipole generators with k dipoles, k = 1 

For an inconsistent set of equations of the form d x  = b, the 
least-squares solution is given in any linear algebra textbook, 
such as Strang's [25]: 

and for the case of dipole modelling 

x = vector of dipole amplitudes; 
b = vector of given potentials; 

d = map from dipole amplitude to potentials at 

(dTd) - IdT = map from potentials to dipole amplitudes, 
the measurement locations; and 

where d E I ,  x E Wk, and b E P. Define n as the 
number of measurement locations, u is the number of time 
points, and k is the number of dipoles used to fit the given 
potentials. Let I be the number of dipoles that generated 
the given potentials. One can define d,  x and b as follows. 
Write (Vj and t )  the equations that describe the n X 1 vector 
of given and fitted scalp potentials for response a at time 1 due 
to dipole j ,  

v;,f = {%dTl)g,(%, 4 . )  
v;i = d ; A M ) v ~  7 44L 

where g,iOE,, 4& is an n X 1 vector value function which 
relates the dipole location Of, and orientation 4gJ of given 
dipole j to the given noise-free potentials at the n 
measurement locations on the surface. If the measurements 
were taken on a sphere of homogeneous conductivity, then 
&(egJ , qbg,) is the same as that given by Ary [26]. The scalar 
cy is the true amplitude of dipolej for response a, and q&,) 
is the true time-varying dipole function that describes the 
shape of the dipole activity over time 1 as a function of 
the parameter vector x .  The vector f,(Oh, 44) is an n X 1 
vector valued function that relates the fitted location Oh and 
orientation 44 of dipole j to the fitted potentials V:,,. Assume 
that 04 and 44 have already been estimated by a nonlinear 
optimization procedure, and that $(Of, 44) has been 
computed. Furthermore, because or head model 
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misspecification, g,(O,, , &J) # f,(Od, 64) in general. The 
estimated amplitude for response a is the scalar d,”, andp,&bJ) 
is the fitted time-varying response of dipolej as a function of 
the fitted parameter vector #y In general, qJ&,)#pJt(#J) 
because of model misspecification. 

For simplicity, define the following notation, 

where gI is the unit vector and gmJ is the length of gJ(e,, , &,). 
Using this notation, 

.=[j b = l  VilI  +VLl + ... 1. 
VilU + V& + . . . + 

The map from potentials to dipole amplitudes, 
(d7d)- d7 is an k X  nu matrix, and denote the rows 
of this matrix b yJ , where yl are n u x  1 vectors, 
yJ = [yJ , y ,  , . . . , yJ 

7 

1 2  and yi are n X 1 vectors, as shown: 

Using equation 1, d;  is just yTb, d: is yTb, and so on for all 
d,”, as shown: 

Y 

dp =gmic?& * 2 gity: 
1=0  

” 

It can be easily shown that for a second set of data (e.g. 
response b), that only differs from the first data set by the 
dipole amplitudes of each generator, that 

Y 

dJ” = g m l c ! g l *  C q1ty: 
1=0  

U 

Equation 2 shows that in general the amplitude parameters 
are biased when estimated using dipole modelling via least 
squares fitting because d,”#{ ,  and instead d,” is some 
combination of all the true dipole amplitudes. This is clear 
by simply rewriting equation 2 as 

The question that remains is whether or not the amplitude 
ratio for each individual &pole is preserved. First consider the 
case that k = 1, i.e. the number of dipoles fit to the potentials 
equals the number of ‘true’ generators. The amplitude ratio 
of the individual true dipoles is simply the ratio of the norms 
of each dipole contribution to the potential map, the Viip 
The amplitude ratio of the individual fitted dipoles is the ratio 
of the noms of Vi. These can be computed as follows: 

( c ~ - ~ c : , x l + ( c ; - p ) * ~ + . . .  + ( c ; - p ) x ,  

b b  b * (4) 
C l X ]  + c2x2 + ... + c/x/ 5 
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Equation 4 shows that, in general, d,"/d,b equals (/( plus a 
remainder term. For simplicity, rewrite equation 4 as 

(5)  

where zn and .zd are defined as follows: 

& = ( c; - 3 ,:),, + (c ;  - 2 c;)x2 + . . . + (cy - f Q ) X ,  

= c:xI + 4x2 + . . . + Qx,. 

From equation 5 it is obvious that d,"/d,b will equal C;/c,b only 
when the remainder term z n / a  is equal to zero. One case 
where this will occur is when all terms of .s,, equal 0, i.e. when 

and these equations are easily solved for all i, z = 1, . . . ,1, as 
f0Uows: 

This shows that one special multiple dipole case where 
estimated amplitude ratios will be unbiased is when all dipoles 
have the same amplitude ratio, as defined below: 

Singb dipob generatorsfit with a single dipole 

One can also consider the simpler single dipole case. When 
only a single dipole is used to fit single generator data, d 
reduces to an nu X 1 matrix, and 

l.d'd)-'dr= [yT], 

where yl is an nu X 1 vector. 

It can easily be shown that yl is 

and that the vector b is simply 

The estimated amplitude for response i is then simply 

Equation 6 shows that when ERPs generated by a single 
dipole are fit with a single dipole, the amplitude estimate d ;  
is biased, because it does not equal c;. A close examination 
of equation 6 shows that when there is no model 
misspecification (i.e. p l l=  ql,b'i, fml = g m l ,  and 81 = &), most 
terms in equation 6 either cancel or evaluate to 1, and d; = c;. 
One can also show that the amplitude ratio is: 

- _ -  
b 

CI 
(7) 

Equation 7 shows that when ERPs generated by a single 
dipole are fit with a single dipole, the amplitude ratio is 
unbiased, even when the model is misspecified. 

Fitting 1 dipole generators with k dipoles, k < 1 

Consider the case when k, the number offitted dipoles, is < 1, 
the number of 'true' generators. When k <  1, the matrix d 
is changed, the matrix (d'6) - IdT is changed accordingly, 
and only k amplitudes are estimated. The vector b is 
unchanged. 

Equation 2 still holds for the computation of df  when k < 1. 
The amplitude estimates are obviously biased, both because 
dp is some combination of all the 'true' dipole amplitudes and 
because estimated dipolej may not correspond to any of the 
true generators. 

Equation 4 still holds for the computation of estimated 
amplitude ratios. And, as when k = 1, d,"/df equals c;/{ only 
when 

This also implies that 

and therefore it does not matter if fitted dipolej corresponds 
to 'true' generatorj when computing amplitude ratios if all 
true generators have the same amplitude ratio across 
responses. 

It is important to note that in this proof,pmplitude ratios are 
estimated without bias when the same f , fm. and p 1  are used 
to fit both sets of given potentials. For the multiple dipole 
problems, the dipoles do not need to have the same 
time-varying activity (ix. qlt  does not have to equal qzt). It is 
only important to use the same model (head, time-varying 
activity, and number of dipoles) when fitting the two sets of 
data for unbiased ratio estimation. 

B Simulations 

We used simulations to explore the reliability of dipole 
modelling amplitudes and amplitude ratios when applied to 
ERP signals embedded in EEG and amplifier noise. The 
preceding appendix proved for the noise-free case that dipole 
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modelling amplitude ratios were unbiased for data generated 
by either a single dipole or multiple dipoles with the same 
amplitude ratio across data sets. The reliability of dipole 
modelling amplitude and amplitude ratio estimates is related 
to the variability of these measures, and cannot be addressed 
using noise-free data. 

Getmation of simulated datu 

We used simulated ERP data embedded in random samples 
of true scalp recorded EEG noise. DCM was then applied to 
each simulated average, using a decaying sinusoid dipole 
time-function. The C and T responses in each simulated 
average were fit simultaneously, and the responses were 
constrained to have the same generator location, orientation, 
and time-function. The generators were allowed to vary in 
amplitude between the C and T responses. 

The simulated averages generated by a single dipole were fit 
with a single dipole. The simulated averages generated by two 
bilaterally symmetric dipoles were fit with a single dipole 
(misspecification of number of dipoles) and with two dipoles 
constrained to be bilateral and somewhat symmetric. 

C-T ratio estimates were computed by dividing T amplitude 
parameter estimate by the conditioning amplitude parameter 
estimate. In order to reduce and possibly eliminate the 
frequency of convergence to local minima, the simulated 
annealing algorithm described by Gerson et al. [ 141 was used 
to estimate the nonlinear parameters. 

For each set of 20 simulated ERP data sets, and for each 
dipole model used to fit them (Le. fit with one &pole or a 
bilateral pair of dipoles), the inverse of the coefficient of 
variation was calculated for the amplitudes and the C-T ratio 
(see section on simulations above). For notation, the COV - 
for the conditioning amplitude estimates is COL<- ', for the 
testing amplitude estimates is COV- I ,  and for the C-T ratio 
is COV,- I .  

Simulation results 

The COI.:-' was significantly greater than either the 
conditioning or testing COI' - I ( p  < 0.001 and < 0.001 
respectively). We observed that in nearly all cases the COK- I 

was more than twice COlC- ' or COV- I .  Figure 5 shows the 
Cor:- plotted against the (Cob:- + COS;- ')/2. There 
were only a few cases where C0K-l was smaller than 
(COG:- I + Cor<- ') /2.  These cases are those that fall below 
the diagonal line x =y, and all occur when two dipoles are 
estimated. Examination of figure 5 shows that the poor 
COV,- ' results for data sets generated by dipoles 3 and 4 or 
dipoles 5 and were outliers. The data set for dipoles 5 and 6 
contained one outlier, and the dipole 3 and 4 data set had 
three outliers (one C0K-I was negative and could not be 
plotted on a loglog graph). The poor results of the data sets 
generated by dipoles 1 and 2 could not be attributed to 
outliers, however. Dipoles 1 and 2 are closely spaced near the 
centre of the skull shape model. We suspect that our 
misspecified DCM could not separate such closely spaced 
generators, and led to our poor results. 

For the data generated by two dipoles, the COV- estimated 
using a single dipole model were significantly greater than the 
COK- ' estimated using a two dipole model (p < 0.001). This 

Sin& Dipole 2 Dipolw fit to Dipola 1 and 2 

1 IO loo 
2 Dipoles fit Lo hpoles 3 and 4 

;. IO 

2 Dipoles fit to Dipoles 5 and 6 

1 IO loo 
(COV< '+COV, 'yz 

Figure 5. Inuerse ofthe coeJicient oj-variahnfor the mean of the 
conditioning and testing amplitude estimates (CO V,- I + CO J:- I) / 2 
is plotted against the inverse ofthe coeJkmt of variation f o r  the C-T 
ratio estimates (COVr-'). 7he upper .!&plot shows the resuLts w h  
a single dipole was fit to the simulated datu sets, and the remainirg 
plots show the results w h  b o  dipoles were fit to datu sets generated 

eithL7 dipoles 1 and 2, 3 and 4, or 5 and 6 ( s e e k r e  I ) .  Whn 
the results fdl below the x=y line, this indicates that C 0 K - l  
< (cov,-' + C O V - ' ) / ~ ,  and that the ratio estimates are bss 
reliable than the amplitude estimates. 

shows that when two synchronous generators were modelled 
by a single dipole, the ratios were reliably estimated for all 
cases. We observed that the C-T ratios were accurately 
estimated, also. We believe that when the data are noisy and 
the dipole model is misspecified, better ratio estimates are 
obtained when the simpler single dipole model is used. 

DCM estimated the C-T ratios with nearly zero bias. For all 
data sets fit with a single dipole, the mean C-T ratio 
(computed across the 20 replications for each data set) 
differed from the true C-T ratio by 0.4%. For all data sets 
fit with two dipoles, the mean C-T ratio differed from the true 
C-T ratio by 13.3%. When the data sets containing outliers 
were excluded, the difference between the mean estimated 
C-T ratio and the true was 4.9%. When the data sets 
generated by bilateral dipoles 1 and 2 were also excluded, the 
mean estimated C-T ratio differed from the true by 1.0%. 

We hypothesize that the amplitude estimates have greater 
variance (and thus lower reliability) than the derived ratios 
because the global minimum in a misspecified dipole model 
is shallow (i.e. the global minimum is not 'surrounded' by 
high, steep walls in the parameter surface) or surrounded by 
a 'rough' surface (i.e. the parameter estimation surface is 
bumpy and many local minima are present). The presence 
of noise on the data is likely to 'shift' the global minimum. 
When the global minimum shifts, so do the estimated 
parameters, assuming that the nonlinear optimization 
routine finds the global minimum. As shown in Appendix A, 
for special cases the amplitude ratio is correctly estimated for 
any dipole location, orientation, and time-cpurse. Therefore, 
a shift in the global minimum due to noise will not affect the 
derived ratio, but only the estimated amplitudes. 
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